Tema NeS UnrerpupoBanue u 1u¢pepeHuMpoBaHue

Jlekuusi 1 UaTerpupoBanue

WNurterpupoBanne B Mathcad peann3oBaHO B BHIE BBIYHUCIUTEIHHOTO
omeparopa. JlomyckaeTrcss BBIYUCIATH HHTETPATIBl OT CKAAPHBIX (YHKIWA B
npeaeniax HHTErPUPOBAHUS, KOTOPBIC TaKXKe JTOJDKHBI OBITh CKalisspaMu. HecmoTtps
HA TO UYTO TpENeiIbl HWHTCTPUPOBAHUA OOS3aHBI OBITh JIEHCTBUTEIHLHBIMH,
NOJbIHTErpaibHasl (PYHKIMS MOKET UMETh U KOMIUIEKCHbIE 3HAUEHHUS, IOATOMY U
3HAuYEHHE UHTETpalia MOXKET ObITh KOMIUIEKCHBIM. Eciin nmpeensl HHTerpupoBaHus
HMEIOT pa3MepHOCTh (CM. pasa. "Pa3MepHbie mepeMeHHbie" 11 4), TO OHA JOJDKHA
OBITH OJTHOM U TOM ke /I 000UX MPEEIOB.

Oneparopbl HHTETPUPOBAHUSA

NuterpupoBanue, auddepeHiupoBaHue, Kak W MHOXECTBO JIPyTuUx
MaTeMaTUYeCcKuX AeicTBUi, ycTtpoeHo B Mathcad mo mpuHimny "kak numercs,
Tak W BBOAUTCA". YUTOOBI BBIYUCIUTL OINpPEICICHHBIM HWHTETpaj, CleayeT
HareyaTaTh €ro OObIYHYI0 MaTEMaTUYECKY0 OopMy B JOKYMEHTE. JlenaeTcs 3To ¢
nomompio madenu Calculus (Beruucinenust) HakaTheM KHOIKHA CO  3HAYKOM
WHTErpajia WM BBOJOM C KIaBHATyphl couetanus kimaBuim SHIFT + 7 (wm
CHUMBOJIa "&"). [HosiButcs CMMBOJI  MHTErpajla  C  HECKOJbKUMHU
MecTo3arnoHUTeNsIMu (puc. 1), B KOTOpble HY>KHO BBECTH HIDKHUWA M BEPXHUUN
WHTEpBAJIbl HMHTETPUPOBAHUS, TMOABIHTETPAIbHYI0 (YHKIMIO U TEPEMEHHYIO

WHTEIPUPOBAHUS.
MOHO BBIUMCHATH HUHTETpabl C OJAHUM WJIM OOOMMHU OECKOHEUHBIMU
npenenamu. s 3Toro Ha MecTe COOTBETCTBYIOLIETO NpEZEsia BBEIAUTE CHUMBOII
OECKOHEYHOCTH, BOCII0JIb30BaBIINCD, HaIrpumep, TON xKe caMou
nanenbto Calculus (Beruucienust). YtoObl BBeCTH MHHYC OECKOHEYHOCTD,
n00aBbTE 3HAK MUHYC K CUMBOJIy OECKOHEUHOCTH, KaK K OOBIYHOMY YHCITY.
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Puc. 1. Oneparop UHTETpUPOBAHUS

UToOBI MOIYYUTH PE3yJIHTAT MHTETPUPOBAHUS, CIIEAYET BBECTH 3HAK PAaBEHCTBA
WIM CHMBOJIBHOTO paBEeHCTBAa. B mepBoM ciydyae WHTErpupoBaHue OyIeT
MIPOBEJICHO YHCJICHHBIM METOJIOM, BO BTOPOM — B CiIy4ae ycrexa, OyJeT HailJIeHO
TOYHOE 3HAUYCHHME MHTErpasia ¢ MOMOIIbI0 CUMBOJILHOTO TIporieccopa Mathcad. Otu
JIBa crioco0a WToCTpupyeT JUCTUHT 5.1. KoHeuHo, CMMBOJIbHOE UHTETPUPOBAHUE
BO3MOXXHO TOJIbKO [IJI1 HEOOJBIIOTO Kpyra HECJIOKHBIX TMOJBIHTETPAIbHbIX

GyHKLHA.



Jluctunr 5.1. YucneHHOE MW CHUMBOJIBHOE BBIYHCICHUE OMPEICICHHOTO
UHTETpaIa:
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[TopbiHTerpanbHas (yHKOHMS MOXET 3aBUCEThb OT JIIOOOro KOJIMYECTBa
nepeMeHHbIX. IMeHHo /1 Toro utoObl ykas3aTh, 10 Kakoil nepeMmenHoi Mathcad
CJIEyeT BBIYMCIISITH MHTErpaj, U HYKHO BBOJUTH €€ MMS B COOTBETCTBYIOIIMI
MecTOo3aroHUTeNb. [IoMHUTE, YTO 7151 YMCIIEHHOTO HHTETPUPOBAHUS 10 OAHOU U3
NEPEMEHHBIX MTPEABAPUTENIBHO CIEAYET 33]1aTh 3HAUEHHE OCTAIbHBIX IEPEMEHHBIX,
OT KOTOPBIX 3aBUCHUT MOABIHTErpajibHas (DYHKIMS U JJI1 KOTOPHIX Bbl HAMEPEHBI
BBIYUCIIUTH HHTETPAJT (JIMCTHHT 5.2).

Jluctunr 5.2. UnterpupoBanue ¢GyHKIUM JABYX IEPEMEHHBIX IO Pa3HBIM
MIEPEMEHHBIM:
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Onepatop HMHTErPUPOBAHMS MOXKET HCIOJIB30BAThCS TOYHO TaK K€, KaKk W
JPyTHE OMEepaTophl: IS omnpeneneHus (QYHKIHM, B IUKIAX W TPH BBIUYACICHUU
PAaH)XUPOBAHHBIX MEPEMEHHBbIX. [lpumep mnpucBanBaHUS MOJIB30BATEIBCKOM
byHKIMYU 1(X) 3HAYEHUS ONPEETICHHOT0 UHTETpalia U BBIUYMCICHUS] HECKOJIbKUX €€
3HAYCHUU TIPUBEJICH B JINCTHHTE 5.3.

Jluctunur 5.3. Hcnonwp3oBanue omepaTopa HHTETPUPOBaHHUS B (YHKIUU
NI0JIb30BATEIS:



g((:t) = o-sin(x) dx
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00 agropurMax HHTErPUPOBAHUA

Pe3ynbTar 4MCIIEHHOr0 MHTErPUPOBAHUSA — 3TO HE TOYHOE, a MPUOIMKEHHOE
3HAYECHHUE HHTErpasnga, ONPEIEICHHOE C IOrPEIIHOCTBI0, KOTOpas 3aBUCUT OT
BCcTpoeHHOU kKoHcTaHThl TOL. Uem oHa MeHblIE, TEM € JTydlleil TOYHOCTBIO OyieT
HallIeH MHTEerpaji, HO U TeM OoJbllie BpeMeHH OyAeT 3aTpayeHo Ha pacueTsl. [1o
ymomyanuto TOL=0.001. JInsg Toro d4roObl YCKOPUTH BBIYHMCICHUS, MOXHO
YCTaHOBHUTH MeHblee 3HaueHne TOL.

Ecom ckopocTh pacyeToB HuMeeT il Bac npHHIMIIMAIbHOE 3HAYCHHE,
HalpyuMep NPU MHOTOKPATHOM BBIYMCJIEHUH MHTETPajia BHYTPHU LUKIIA, MPOSIBUTE
OCTOPOKHOCTB, BBIOMpAs 3HAYEHUE TOYHOCTH O0s3aTenbHO
MTODKCIIEPUMEHTUPYUTE HA TECTOBOM IIPUMEpE C XapakTepHOM i Bammx
pacdyeToB TmoAbIHTerpanbHOi  (ynkiueidt. [locMoTputre, Kak yYMEHbBIIICHUE
koHcTaHTbl TOL cka3bIBaeTCsl Ha NOTPEIIHOCTA HWHTETPUPOBAHUS, BBIYMCIUB
UHTETpaJl i pa3HbIX €€ 3Ha4yeHU W BBIOpaB ONTUMAJIbHOE, HCXOAS U3
COOTHOLIEHHSI TOYHOCTh / CKOPOCTb BBIYUCIICHUI.

OTtnaBaiiTe cede OTYET B TOM, UTO MPHU BBOJE B peaakrope Mathcad omeparopa
YUCJIICHHOTO HWHTETpUpOBaHus, Bbl, QakThyecku, co3aeTe camyr HACTOSIILYIO
nporpamMMmy. Hampumep, mporpaMMmoi sIBISIETCSt NepBas CTpoka JuctuHra 7.1,
POCTO OOJBINAsS YacTh €€ CKphITa OT Barero B3opa pa3pabOTYMKaMHu KOMIIAHUU
MathSoft. B OonpmmHCTBE ciaydyaeB 00 3TOM HE MNPUXOJUTCSA CHELHAIBHO
3aIyMbIBaThCs, MOKHO TOJIHOCTHIO TOJIOXKUThCS Ha Mathcad. Ho mHorma moxer
OTpeOOBaTLCS YMEHHE YIIPABJATH MMapaMeTpaMHu dTOW MPOrPaMMBbI, KaK MBI YXKe
paccMoTpen Ha mpuMmepe BbiOopa koHcTaHTel TOL. Kpome Hee, monb3oBatelb
UMEeT BO3MOKHOCTh BBIOMPATh CaM aJTOPUTM YHCJIICHHOTO WHTErpupoBaHus. J[is
3TOrO:

. [[lenkauTe TPaBOM KHOMKOW MBIIMK B JIOOOM MECTE€ Ha JIEBOW YacTU
BBIUHCIISIEMOTO MHTETpala.
. B mosBuBIIEMCST KOHTEKCTHOM MEHIO BBIOGPUTE OJIMH U3 YEThIpeX

YHCJCHHBIX aITOPUTMOB (pHC. 2).
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Puc. 2. Boibop anroputMa 4McIeHHOTO HHTETPUPOBAHUS

OOpatuTe BHHMaHHME, 4YTO, TEpel TeM KaKk OJWH W3 aJIrOpUTMOB BBIOpaH
BIIEpPBBIC, KaK TOKa3aHO Ha pHUC. 2, (JIAKOK MPOBEPKH B KOHTEKCTHOM MEHIO
yCTaHOBJICH Bo3jie myHKTa AutoSelect (ABroMaTuueckuii BEIOOP). DTO O3HAYAET,
yTO auroput™ onpexnenserca Mathcad, wucxons w3 ananmMza TpenesoB
MHTETPUPOBAHUS U OCOOEHHOCTEN MOJBbIHTErpaibHON QyHKIMU. Kak TonbKO 01MH
U3 aJITOPUTMOB BBIOpaH, 3TOT (pyakOK cOpachIBaeTCs, a M30paHHBIN aIrOpUTM
OTMEYaeTcsl TOUKOH.

PazpaboTunkamu Mathcad 3anmporpamMMupoBaHbI YETHIPE YHCICHHBIX METOA
WHTETPUPOBAHUSL:

. Romberg (Pombepra) — namu OonblivMHCTBA (DYHKIMA, HE COACPIKAIINX
0COOEHHOCTEI;

. Adaptive (AnantuBHblil) — s QYHKIHA, OBICTPO MEHSIOIIUXCS Ha
WHTEpBaJIe HHTETPUPOBAHHS,

. Infinite Limit (beckoHewHbIi mpeaen) — s HHTETPAIOB ¢ OECKOHEUHBIMU
npeaenami ();

. Singular Endpoint (Cunrysnsiprass TpaHuWma) — s WHTETPAIOB  C

CUHTYJISIPHOCTBbIO Ha KOHLE. MoauduuupoBanHbiii anroputM PomOepra mis
GyHKIUNA, HE OINpEACNICHHbIX Ha OJHOM WM OOOMX KOHIIaX HWHTEpBaja
UHTETPUPOBAHUSL.

CrapaiiTech BCe-TaKd OCTaBHTh BBIOOp 4YHCIEHHOro Meroma 3a Mathcad,
ycranoBuB (prakok AutoSelect (ABTomaTHuecKuii BBIOOP) B KOHTEKCTHOM MEHIO.
[TonnpoGoBaTh ApPyroi METOJ MOXHO, HalpuUMEp, YTOOBI CPaBHUTH PE3YJIHTATHI
pacdeToB B cienMpUIECKUX CiIydasx, koraa y Bac 3akpajasiBatoTcss COMHEHUS B X
MIPaBUIILHOCTH.

Ecnu nonpiaTerpansHas gyHkuusa "xopomas'”, T. €. HE MEHSIETCS Ha UHTEpBaJje
MHTETPUPOBAHUS CIUIIKOM OBICTPO U HE 00palllaeTcs Ha HEM B OECKOHEYHOCTh, TO
YUCJIEHHOE PEUICHWE MHTErpajia HE NMPUHECET HUKAKUX HEMPUSATHBIX CIOPIPHU30B.



[IpuBeneM OCHOBHBIE HJAEH WTEPAIIMOHHOTO anroputMa PomOepra, KOTOpPBIiH
MPUMEHSIETCS JTsl OOJIBITMHCTBA TaKUX (PYHKITHH.

CHavana CTpOUTCS HECKOJIbKO HHTEPIOIUPYIOIIUX MOJUHOMOB, KOTOpBIE
3aMEHSAIOT Ha MHTEpBaje MHTETPUPOBAHUS MOABIHTETpabHYIO (yHKIUIO f(X).
B kauecTBe mepBOM uUTEpalMyd NOJMHOMBI BbUHCIAIOTCS 1o 1.2 u 4
nHTepBanam. Hampumep, nepBbIi MOJIMHOM, ITIOCTPOCHHBIM MO 1 MHTEpBaly, —
3TO MOPOCTO MNpsAMas JIMHHS, NPOBEICHHAs 4Yepe3 [BE TI'pPaHUYHbIE TOYKH
MHTEpBajia UHTETPUPOBAHUS, BTOPOIl — KBaJipaTUYHas napadosa U T. J.

WHTerpa oT KaXaoro MoJIMHOMa ¢ M3BECTHBIMHM KO3((ULIMEHTaMH JIETKO
BBIYHCIIACTCS AHAIUTHYECKH. Takum oOpaszom, ONIpEIEIAETCS
[IOCJIEI0BATENbHOCTh MHTETPAJIOB OT MHTEPHOIUPYIOMMX MOJMHOMOB: ilf 12,
14,... Hanmpumep, no npasuiy tpaneruii 11=(b-a) (f (a)+f (b))/2 u 1. 1.

W3-3a HHTEPNOISALMHU 110 Pa3HOMY YMCITY TOUEK BBIYUCICHHBIE HHTETPAJIHI 1i,
12,... HECKOJIbKO OTJIMYaroTCs Ipyr oT apyra. Ilpuuem, dyem OoJibllie TOUYEK
UCIIONIB3YETCs JUIsl MHTEPIOSIUU, TEM HWHTErpajl OT HHTEPHOJISALUOHHOTO
MOJIMHOMA OJM>KE K MCKOMOMY HMHTErpaity, CTPEMSCh K HEMYy B IIpenese
OeckoHeYHOro  uyucia  Toyek. [losTomy — ompeneneHHbIM — 00pa3om
OCYILIECTBIISIETCS IKCTpANoJIsIus nocieaoBarensuoctu ilf 12, 14,... 10 HyneBoit
LIIMPUHBI DJIEMEHTAPHOTO HHTepBana. Pe3ymbrar 3TOM H3KCcTpanossiuuu  J
MPUHUMAETCS 32 MPUOIMKEHNE K BBIYUCISIEMOMY UHTETPAITY.

OcymecTBisieTcss NEpexo] K HOBOM HTepaluu ¢ NOMOIIbIO eme Oosee
4acToro pa30HeHHs MHTEpBajla MHTETPUPOBAHUS, JOOABJICHUS HOBOI'O WJEHA
NIOCJIEOBATEIBHOCTH UHTEPIOIUPYIOIINUX IMOJMHOMOB U BBIYHCIECHUS HOBOTO
(N-ro) npubsmxenus Pomoepra JN.

Yem Oosnbllle KOJIMYECTBO TOYEK WHTEPIOJSIMMU, TEM OJIMXKE OueperHOoe
npubmkenue PomoOepra Kk BEIYUCIIEMOMY MHTETPpaly U, COOTBETCTBEHHO, TEM
MEHbIIIE OHO OTJIMYAETCS OT MNPUOMMKEeHUs npenbiayled urepanuu. Kak
TOJBKO pa3HUIA MEXIy IBYyMs TMOCIeAHMMHU wutepamwsvu | JN-j11"11
ctaHoBuTcst MeHblie norpemHoctd TOL unum mensme TOL-|JN|, urepanumn
npepbiBatoTcsi, W JN TOSBASETCS Ha DJKpaHe B KauyecTBE pe3yJbTaTa
MHTETPUPOBAHUSL.

(0] PaCXoadIIMUXCHd HHTErpajaax

Ecnu unterpan pacxomutcsi (paBeH OECKOHEYHOCTH), TO BBIUUCITUTEIHHBIN

nporieccop Mathcad moxet BbimaTh cooOrieHre 00 ommOKe, BBIJICTUB MIPU 3TOM
OIEpPaTOp MHTETPUPOBAHMSI, KaK OOBIYHO, KPACHBIM IIBETOM. Yarie Bcero onmoka
Ooymer umerp THn "Found a number with a magnitude greater than 107307"
(Haiineno wumcno, npesbimaromee 3Hadenume 10°°7) mam "Can't converge to a
solution" (He cxomuTcsi K pelIeHUIo), Kak, HapUMep, MPHU MOMBITKE BHIYUCIHUTD
uHTerpajd. TeM HE MeHee, CHMBOJBHBIN TPOLECCOpP CHPABISICTCA C OTHM
WHTETPajoM, COBEPIICHHO TMPaBWJIBHO HAaXols €ro OECKOHEYHOE 3HAuYCHHE
(muctunr 5.4).

JIuctunr 5.4. CUMBOJIbHOE BBIUUCICHUE PACXOSIIECIOCS HHTErpalia:
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CUMBOJBHBIN  TPOLIECCOP TMPEAOCTaBISET 3aMeyaTesIbHbIe BO3MOXKHOCTH
AHATITHYECKOTO BBIYHMCICHHUS WMHTETPAIOB, B TOM YHCJIE 3aBUCSIIUX OT
apaMeTpOB U HEOMPECICHHBIX MHTETPajioB, KaK MOKa3aHO B JIUCTHUHrax 5.5 u
56. O06 »sroM W O  BBIYUCICHHUM  HHTETPajoB C  MOMOIIBIO
meHto Symbolics (CumBosKa), yIIOMUHAIOCH B TJI. 5.

JIuctunr 5.5. CUMBOJIbHOE BBHIYHCIICHUE HHTETPpalia C IEPEeMEHHBIM IPEAeTIOM:
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[Ipy MOMIBITKE YHCICHHOTO PEIICHUS 3aJadyd W3 JIMCTHHra 5.4 METOIOM,
OTJIMYHBIM OT aJrOPUTMa BBIYHCICHHS HMHTEIPANIOB ¢ OECKOHCUHBIMH IPEaeIaMu
(Infinite Limit), Oyxer mojyuyeHO HEBepHOE perieHue (JIMCTHHT 5.7) — BMECTO
OCCKOHEYHOCTH BBIJIAHO OOJBINOE, HO KOHEYHOE YHCJIO, HEMHOIO HE
JIOTATHBAMONIEE  J0  YHCICHHOH  OCCKOHEYHOCTH,  SIBISIONICHCS — JUIS
BBIUMCIIUTENLHOIO Hpolieccopa mpocto Gompmmm uuciaom 10%°7 . Ormernm, uto
Mathcad B pexume aBTOMaTHYeCKOro BbiOOpa anroputma (AutoSelect)
npejyiaraetT uMeHHo anroputm Infinite Limit.

Jlucrunr 5.7. Tlnoxo BbIOpaHHBIA YMCIECHHBIA QJITOPUTM HEBEPHO HAXOIUT

PacXOIAIININC UHTErpal:
1
— dx=6.325x 10"
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KparTHblie naTerpasibl

I[J'ISI TOT'O YTOOBI BEIYMCIIUTH KpaTHLIﬁ HHTCTpaJI:

. BBeaure, kak 00bIYHO, OIIEPATOP UHTETPUPOBAHMUS.

. B cOOTBETCTBYIOIINX MECTO3ANIOJIHUTENSIX BBEIUTE UMS IEPBOM
NEPEMEHHOW UHTETPUPOBAHUS U MPEIEIIbI UHTETPUPOBAHUS IO ATOMN
IIEPEMEHHOU.



. Ha mecte BBOJa MOABIHTErpaIbHONW (DYHKIIMKM BBEIUTE €Ille OJUH ONEepaTop
WHTETPUPOBAHUS.

. To4HO Tak k€ BBEIUTE BTOPYIO MEPEMEHHYIO, MPEEIbl UHTETPUPOBAHUS U
MOJABIHTETPATTbHYIO0 (PYHKITHIO (€CITM WHTETPANT IBYKPATHBIN) WM CIICTyIONTUI
omiepaTop HWHTErpupoBaHusa (ecid Oojiee 4yeM JABYKpPATHBIM) M T. 1., MOKa
BBIPAXKEHUE C MHOTOKPATHBIM MHTETPAJIOM HE OyJIET BBEJICHO OKOHYATEIBHO.

[IpuMep CHUMBOJIBHOTO M YHCJIEHHOTO pacdeTa JIBYKpaTHOTO HHTErpajia B
OECKOHEUHBIX Tpeliesiax MNpuBeleH B JUCTHHTE 5.8. OOpaTtuTe BHHUMaHHUE, YTO
CUMBOJIBHBIA Tporeccop '"yraapiBaeT" TOYHOE 3HAUYEHHME MHTErpajga pi a
BBIYHMCIIUTENBHBIN OMpeIesaeT ero NpuOIMKEHHO U BhIJIaeT B BUJIE yncia 3.142.

JInctunr 5.8. CUMBOIBHOE 1 YHCJIICHHOE BBIYHMCIICHHC KpaTHOT'O HHTCTpalia:
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AkKypatHee BBoauTe B peaaktope Mathcad kpaTHble MHTErpasnbl, €clii OHH
MMEIOT pa3JIMYHbIC TPEAeIbl HHTETPUPOBAHUS 110 pPa3HbIM NEpeMEeHHbIM. He
repenyTanTe mpeaesbl, OTHOCIIIMECS K pa3HbIM nepeMeHHbIM. Eciin Bl nmeere
JIeJ0 C TaKoro pojia 3ajayamu, 00s13aTeIbHO pa30epuTech C JMCTHHIOM 5.9, B
KOTOPOM CHMBOJIBHBIM IPOLIECCOP BBIUUCIIAET ABYKPAaTHbIM MHTErpall. B mepBou
CTpOKE TIpe/ieNibl MHTErpUpPOBaHUs [a, b] OTHOCATCS K IEPEeMEHHOM Y, a BO BTOPOM
CTPOKE — K ITlepeMeHHOU X.

JInctunr 5.9. CuMBOIBHOE BHIYUCIICHUE KPATHBIX HHTETPAJIOB:
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