Tema Ne6 «AJIreOpanyecKue ypaBHEeHUs U ONTHUMHU3ALM D)

Jexuus 1 «Anredpanyeckue ypapHeHuss. OCHOBBI 1 METO/IbI
pelIeHus»

1. OnHo ypaBHeHHE C OJHUM HEU3BECTHBIM
PaccmoTpuM os1HO anreOpanyeckoe ypaBHEHHE ¢ OJTHUM HEM3BECTHBIM X.
f(x) =0, (1)
Hampumep, sin(x)=0.
Jlnst pemenus Takux ypasHenuii Mathcad umeer Berpoennyro dynkimo FO0t, koropas,
B 3aBUCHMOCTH OT THIIA 33Jla4d, MOXXET BKJIIOYaTh JTUOO JBa, JIMOO YETBIpE apryMeHTa W,
COOTBETCTBEHHO, pa0OTaeT HECKOJILKO MO-Pa3HOMY.
root(f(x),x),
root(f(x),x,a,b),
f(x) — ckansspHas GyHKIUS, onpenesstonias ypapaenue (1);
X — CKaJsipHasi IepeMeHHas, OTHOCUTENLHO KOTOPOil periaercs ypaBHEHUE;
a,b — rpanuIEl HHTEpBAa, BHYTPH KOTOPOTO IIPOUCXOTUT MOMCK KOPHSI.
IMepsbiii Tun Gyrkuuu FOOT TpeGyer MOMOTHUTENBHOIO 3aJaHUs] HAYAIBHOTO 3HAYCHUS

(guess value) IepEMEHHON X. [l 3TOro Hy’»KHO IPOCTO IPEABAPUTENIBHO IIPUCBOUTH X
HekoTopoe uucio. [louck kopHs OyaeT NMpou3BOAUTHCS BOJIM3U ATOro yucia. Takum oOpazom,
NPUCBOCHHWE HAYAJIBHOIO 3HA4YeHUs TpeOyeT anpuopHOW WHPOPMALUU O TMPUMEPHOU
JIOKaJIN3alHUH KOPHS.

[IpuBenem mpumep peUICHHsT OYEHb MPOCTOro ypaBHEHUs sin(x)=0, KOPHH KOTOPOTO
W3BECTHBI 3apaHee.
JIncTUHr 1.1. Iouck KopHS HEMMHEHHOTO ANre6paIecKOro YPaBHEHHMS:

x:= 0.5
f(x) = sin(x)

solution := root(f(x),x)

solution = —6.2 x 10_?

I'padux pyukmum f (x)=sin(x) u mo0KeHUE HANACHHOTO KOPHsI MMOKa3aHbl Ha puc. 1.1.
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Puc. 1.1. 'paduueckoe perrenue ypasaenus sin(x)=0
OOpaTuTe BHUMaHue, 4TO, XOTS ypaBHEHUE MMeeT OECKOHEUHOE KOJIMYECTBO KOpHEH
Xn=npi (n=0,£1,%£2,...), Mathcad maxoaut (C 3aAaHHON TOYHOCTBHIO) TOJBKO OIMH W3 HHUX, X0,



nexammii Hanoosee 6m3ko kK x=0.5. Ecnu 3amate npyroe HayanbHOE 3HaYEHUE, HAIPUMEP X=3,
TO pelieHneM OyIeT APyroil KOpeHb ypaBHEHUS X1=Pju T. 1. Takum 00pa3om, JJisi TOUCKa KOPHS
cpeactBamu  Mathcad TpeOyercsi ero mnpenBapuTeibHAs JIOKAIM3ALUS. JTO CBSA3aHO C
0COOEHHOCTSIMH BBIOPAHHOT'O YMCIEHHOTO METOZA, KOTOPBIA HA3bIBAETCS METOAOM CEKYIIUX H
COCTOUT B cienyroieM (puc. 1.2):
Hauanpaoe npubmmwkenne npuaumaercs 3a 0-e npuOImKeHne K KOPHIO: Xo=X.
Bri6upaercs mar h=TOLX u onpezaensercs nepBoe NpuOIMKeHne K KOpHio X1=Xo+h. Ecim
x=0, To mpuaumaercst h=TOL.
Yepes 3TH IBE TOUKH IPOBOJUTCS CEKYIIasi — MpsiMasi JIMHUS, KOTOPask IIePeceKaeT oCh X
B HEKOTOPOM TOYKE X2. DTa TOUKA IPUHUMAETCS 32 BTOPOE MPUOIIKEHHE.
HoBas cekymiasi mpoBOJIUTCS Yepe3 MEPBYIO U BTOPYHO) TOYKH, TEM CAMbIM ONpPEACIsis
TpeThe MPUOIIIKEHHE, U T. [I.
Eciu Ha kakoM-1TH00 I11are oKa3pIBaeTCs, YTO ypaBHEHHE BBIMOJIHEHO, T. €. |If (X) [<TOL, To
UTEPAIMOHHBIN MPOLIECC MPEPBIBACTCS, M X BBIIACTCS B KAYECTBE PEIICHUSI.
1 ; f.
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Puc. 1.2. Unmocrpamus MeToaa cexyImx

Pe3ynbrar, nokazaHHblid Ha puc. 1.2, moiydeH A NOTPEIIHOCTH BBIYMCICHUM, KOTOPOU B
HEeIIX WIUTIOCTPATUBHOCTH TpeaBaputesbHO mpucBoeHo 3Hauenne TOL=0.5. Tlosromy nms
MOMCKAa KOPHS C TaKOHW HEBBICOKOW TOYHOCTBHIO OKA3aJIOCh JOCTATOYHO OJHOW HTeparuu. B
BBIUMCJICHUSIX, pUBeAeHHBIX B aucTUHre 1.1, morpemHocts TOL=0.001 Obuia ycTaHOBIIEHA MO
YMOTYAaHUIO, M pEIIEHUE, BBbIIAHHOE YHCICHHBIM METOJOM, JeKajlo HaMHOro OJmke K
UCTUHHOMY TOJoXeHuo KopHs x=0. MupiMu cioBamm, dem MeHbIie kKoHcTanta TOL, Tem
omwke K Hymo Oyner 3Hadenue f (X) B HalileHHOM KOpHE, HO TeM OOJibIlie BPEMEHH OyIeT
3aTpavyeHo BBIYUCIUTENBHBIM IIporieccopoM Mathcad Ha ero mouck.

CoOTBETCTBYIOLINI TpUMEpP MOXKHO HAWTH B bBBICTpPBIX INMaprajikax, Ha CTPaHUIIC

Pecypcop Mathcad. On pacmonmoxxen B pasgene "Solving Equations" (Pemenue

ypasnennii) u maseBaerca "Effects of TOL on Solving Equations" (Bmusuue
koHcTaHThl TOL Ha penienne ypaBHEHUH ).

Ecnu ypaBHeHHMe Hepa3pemuMo, TO MHpH IONBITKE HAWTH €ro KopeHb OylIeT BbIIaHO
coobuienne o0 ommbke. Kpome Toro, K ommOKe WM BblJaue HENPaBUWIBHOTO KOPHS MOXKET
MPUBECTH W TIOMBITKA MPUMEHUTh METOJ CEKYIIMX B OOJIACTH JIOKATHHOTO MaKCUMyMa HWIIH
MuHUMyMa f (x). B 3TOM ciyuyae cekymas MOXET HUMETh HampaBlieHue, OJIM3Koe K
TOPU30HTAJILHOMY, BBIBOJSI TOUKY CIEAYIOIIEro MPUOIMKEHUS JAIEKO OT IpearojaraeMoro
MOJIOKEHUS KOpHS. [l peleHusl TakuxX ypaBHEHHH Jydlle MPUMEHSTh APYTYI0 BCTPOEHHYIO
¢yuknuto Minerr.  AHaloru4HbIe TPOOJEMBI MOTYT BO3HHMKHYTh, €CJIH  HadajlbHOE
NpUOJIMKEHWE BBIOPAHO CIMIIKOM Jalleko OT HACTOSINEro pelieHus wWiu [ (X) HMeeT
0CcO0EHHOCTH TUIa OECKOHEYHOCTH.

Jlnig penieHus ypaBHEHMsI C OJJHUM HEU3BECTHBIM NMPUMEHUMBI U TPATUEHTHBIE METOIbI,
otHocsauecs B Mathcad k cuctemam ypaBHeHuil. MHorga ynoOHee 3agaBaTh He HadajabHOE
NpUOJIMKEHNE K KOPHIO, @ UHTEpBal [a,b]/, BHyTpU KOTOPOTO KOPEHb 3aBEIOMO HaxonuTcs. B
ATOM CIIy4ae CJeIyeT UCIONb30BaTh (PYHKIHIO OOt ¢ YeThIphMs apryMEeHTaMH, a MPHUCBauBaTh



HayaJIbHOE 3HAYEHHWE X HE HYXHO, Kak TokazaHo B juctuHre 1.2. Ilomck kopHs Oyaer
OCYILECTBIICH B MPOMEXKYTKE MEXIy & U D ambTepHATHBHBIM YHCICHHBIM MeTonoM (Pummepa
i bpenra).

JIuctunr 1.2. TTouck KOpHH anreOpanyecKoro ypaBHEHHS 3aJaHHOM UHTEPBAJIC:

solution := root(sin(x),x,—1,1)

solution = 0

OOparuTe BHHMMaHHE, 4YTO SBHBIM BHI QYHKIUUA [ (X) MOXKET OBITh OIpeACIICH
HETOCPEACTBEHHO B Telne (PyHKIUH root.

Korz[a root umeer YETBIPC apTryMCHTA, CJICAYCT IIOMHHUTD O IBYX €€ 0COOCHHOCTSAX:

. BHYTPU WHTEpBaia [a,b] He MOKHO HAXOJHUTHCS 0OOJiee ONHOIO KOpHS, WHaue Oyner
HaliJIeH OJIMH U3 HUX, 3apaHee HEN3BECTHO, KaKOW MMEHHO;

. 3Hauenus f () u f (D) nomKHBI UMETh pa3HbIi 3HAK, HHAa4Ye OYy/IET BBIJAHO COOOLICHUE 00
olmokKe.

Ecnu ypaBHeHHEe He WMeeT ACWCTBUTEINbHBIX KOPHEH, HO MMEET MHHMBIC, TO HX TaKXe
MOJKHO Ha#Th. B mucturre 1.3 mpuBeneH mpuMmep, B KOTOPOM ypaBHeHHe X2 +1=0, nmeromee
JIBA YHCTO MHHMBIX KODHS, peIIaeTcs IBa pa3a C Pa3HBIMH HadaJlbHBIMU 3HaueHWsMHU. [Ipu
3aJjaHUU HavaiabHOro 3HaueHus 0.5 (mepBas CTPOKa JIMCTUHTA) YUCICHHBIM METOJ OTHICKHMBAET
NEepPBbI KOPEeHb (OTPUIATEIbHYI0 MHUMYIO €IUHHIYy — 1), a TpM HadaubHOM 3HayeHuu — 0.5
(TpeThs CTpOKa JIMCTUHTA) HAXOIUTCS U BTOPOM KOpeHb (1).

JIuctunr 1.3. [Touck MHUMOTO KOPHSI:

x:= 0.5

rn:n:mt(x2 + l,x) = -1
x:=-0.5

n::u::ut(x2 + l,x) =1

Jlis pemieHust 3TOro ypaBHEHMs BTOpOW BHJ (DyHKIMM FOOt (C 4eThIppMs, a HE C JBYMs
apryMeHTaMi) HEPUMEHUM, TIOCKOJIBKY f (X) SIBIISIETCA MOJIOKUTEIbHOOIIPEIEIIEHHOM, U yKa3aTh
MHTEpBaJl, Ha TPAHHUIIaX KOTOPOrO OHA MMeJia Obl Pa3HbI 3HAK, HEBO3MOXKHO.

Ocraetcst 100aBUTH, 4TO f (X) MOXKET OBITh (PYHKIIMEH HE TOJBKO X, a JIIOOOTO0 KOJIMYECTBA
apryMeHToB. FIMeHHO 1o3ToMy B caMoii (GyHKIIMK FOO0t HE0OXO0AUMO ONpPEAEIUTh, OTHOCUTENBHO
KaKoro M3 apryMEHTOB CJEIyeT PEUINTh ypaBHEHHE. JTa BO3MOKHOCTH MPOWLIIOCTPHPOBAHA
muctuHroM 1.4 Ha mpumepe (YHKIMM ABYX TepeMeHHBIX f (X,1)=x’-y? +3. B HeM cHayana
pemaercst ypaBaenue f(X,0)=0 oTHOcHTENFHO MEpPEeMEHHOW X, a MOTOM — Jpyroe ypaBHeHue f
(1,y) =0 OTHOCUTEBHO MEPEMEHHOH ).



Jluctunr 1.4. TTouck KOpHS ypaBHEHUS, 33JaHHOTO (QYHKIIMEH IBYX TIEPEMECHHBIX:

f(x,y) = XE — yz + 3

root(f(x,v).x) = —1.7321

root(f(x,v).y) = 2

B mepBoii crpoke amctunra ompexaeisercs ¢yakius f (X,y), BO BTOpoit m TpeTbeil —
3HAYECHHUs, AJI51 KOTOPBIX OYJeT MPOU3BOIUTHCS PEIICHHE YPABHEHUS IO Y U X, COOTBETCTBEHHO.

B uerBepToii ctpoke pemieno ypasaenue f (X,0)=0, a B mocieaneii — ypasuenue f (1,y)=0.
He 3a0piBaiiTe mpu YUCIIEHHOM pEIICHUHM YPaBHEHHWH OTHOCHTEIBHO OJHOW M3 MEPEMEHHBIX
MpeBAPUTENILHO ONPEACTUTh 3HAYCHHUSI OCTAJIbHBIX MEPEeMEHHbIX. MlHaue MombITKa BHIYHCIUTH
ypaBHEHHUS TipuBeneT K mosiBineHuio ommOku "This variable or function is not defined above", B
JAHHOM Clly4ae TOBOPAIIEH O TOM, 4YTO Jpyras mepeMeHHas paHee He ompeseneHa. KoHeuHo,
MOYKHO YyKa3aThb 3Ha4€HHE JIPYTUX IEPEMEHHBIX HEIOCPEACTBEHHO BHYTpU (yHKImH root,
OecrpensTCTBEHHO yAajuB, HAPUMEP, BTOPYIO M TPEThIO CTPOKU JHUCTUHTA 8.4 U BBEIS €ro
NoCJIeTHUE CTPOKH B BHE M0Ot(f (x,0),x)= u root(f (1,y),y)=, COOTBETCTBEHHO.

KopHu nonnHoma

Ecnu Gynkuus f (x) aBiasercs NOJIMHOMOM, TO BCE €0 KOPHU MOXKHO ONPEAEIUTh, UCTIONIb3YS
BCTpOeHHYIO (yHKIuUIo Polyroots(v), riaeV— BEKTOp, COCTAaBICHHBIA M3 KOA(PPHUINEHTOB
MIOJIMHOMA.

[Tockonpky nonuuoMm N-if ctenenu umeetr poBHO N KOpHEW (HEKOTOpbIE U3 HUX MOTYT ObITh
KpPaTHbIMU), BEKTOp V J0JKeH cocTosTh u3 N+ snementa. Pesynpratom neiictBus ¢GyHKIMU
poiyroots siBisieTcss BEKTOp, cocTaBieHHbIH n3 N KOpHeH paccmarpuBaeMoro mnojiuHoma. [Ipu
3TOM HET HaJl0OHOCTH BBOJUTH Kakoe-TM0O0 HadajabHOE MPUOIMKEeHUe, Kak Juid QyHKIuH root.
[Tpumep norcka KOpHEH MOIMHOMA YETBEPTOM CTENEHH WILTIOCTPUPYETCS IUCTUHTOM 1.5.

JIucrunr 1.5. [Torck KOpHS MOTUHOMA!

vi=(3 -10 12 -6 I}T
4 1 A

1-5.113ix 10" °
polyroots(v) =

1+ (5.113ix 10)"°

\ 3 J

KoadduimenTs! paccMaTprBaeMoro B mpuMepe NoJInHOMa

f(x) = (x-3) (x-1)% =x* -6x> + 12x% -10x+3

3aMMcaHbl B BUJAE BEKTOpa B MEPBOIl CTpOKe JUCTUHTA. [lepBbIM B BEKTOpE JOJKEH WUITH
cBOOOIHBI uleH MOIMHOMA, BTOpPhIM — Kod(dumuent npu x'um T. 1. COOTBETCTBEHHO,
nocieHIM N+1 371eMeHTOM BEKTOpa JOJDKEH OBITh KO (PUIIMEHT TIPH CTapIieil cTeneHn X'



Wuorna ucCXoAHBIM IOJIMHOM HMEETCSl HE B Pa3BEepHYTOM BHUJIE, a, HampuMmep, Kak
MIPOM3BEICHNE HECKOIBKUX MOJIMHOMOB. B 3TOM ciyyae ompenenuTtb Bce ero Kod(pHuImeHTh
MOJKHO, BBIJICIUB €ro u BbiOpaB B MeHio Symbolics (CumBosrka) nmynkt Expand (Pa3noxuts).
B pesynbrate cumBOIBHBIN nporieccop Mathcad cam mpeoOpasyeT NOIMHOM B HYXHYIO GopMmy,
M0JIb30BATENIO HAa/l0 OyAET TOJIBKO KOPPEKTHO BBECTHU €€ B apryMeHThI (pyHKuuu polyroots.

Bo Bropoii crtpoke smcTuHra 1.5 mokasaHo jedicTBue (GyHKIuMU POIyroots. OOpatute
BHHUMaHUE, YTO YMCIICHHBII METOJ BMECTO JBYX U3 TPEX ACHCTBUTEIbHBIX €IUHUYHBIX KOpHEH
(MHBIMH CITOBaMU, KpaTHOTO KOpHS 1) BbIaeT A1Ba MHUMBIX yucia. OJIHaKO Mallass MHUMas 4acThb
ATUX KOpPHEW HAaXOAUTCA B Mpeeiax MOrpeuHocTd, ompeaeinsieMor koHctantoil TOL, u He
JIOJDKHA BBOJIUTH TMOJb30Bareneil B 3abmyxiaenue. [IpocTo HyX HO MOMHUTb, YTO KOPHHU
MOJIMHOMA MOTYT OBITh KOMIUIEKCHBIMH, M OIIMOKA BBIYMCICHHI MOXET CKa3blBaThCs Kak Ha
JIEUCTBUTEIIBHOM, TAK U HA KOMIUIEKCHOM YaCTH UCKOMOTO KOPHS.

Jns GyHKIMU POIYroots MOXKHO BbIOpaTh OJMH M3 JBYX UYHCICHHBIX METOJIOB — METO[
noJIMHOMOB Jlarrepa (OH yCTaHOBIJIEH 110 YMOJTYAHUIO) WIM METOJ] TAPHOU MAaTPHUIIBI.

st cMeHbl MeTo/1a:

BBI30BUTE KOHTEKCTHOE MEHIO, IICIIKHYB IPAaBOM KHOIKOM MBIIIH Ha cioBe POlyroots.

B BepxHell uyacTM KOHTEKCTHOTO MeEHIO BbiOepuTe b0 mnyHKT LaGuerre (Jlarrepa),
au6o Companion Matrix (ITapaas matpuria).

lenkuute BHE AelicTBHs (yHKIUH POlYroots — eciu BKIIOYEH PEKUM aBTOMATHUYCCKUX
BBIYHMCIICHUM, OyJeT NpOU3BEACH MepecueT KOpHEH IOJIMHOMa B COOTBETCTBHM C BHOBb
BBIOpaHHBIM METOJIOM.

Jns  Toro 4roObl ocrtaButh 3a Mathcad BbIOOp MeToma pemieHHs, YCTaHOBHTE
dnaxxox AutoSelect (ABTomarnveckuii BbIOOp), BEIOpAB OJHOMMEHHBIN IyHKT B TOM K€ CAMOM
KOHTEKCTHOM MEHIO.

2. CuctemMbl ypaBHEHUH

PaccmoTtpum pemenue cucremsl N HeTMHEHHBIX ypaBHEHUM ¢ M HEM3BECTHBIMMU:

f1(X1,...,XM) =0,
@2.1)
fa(X1,...,xu) = 0,
3neck fi(X1,...,.Xw),... Tn(X1,...,Xw), — HEKOTOpBIC CKAJSPHBIC (QYHKIHH OT CKAJISPHBIX

HNEPEMEHHBIX XuX2/ ... /Xu U, BO3MOXKHO, OT €Il KaKHX-JINOO MEepEMEHHBIX. Y paBHEHUNH MOXKET
OBITH Kak OOJBINE, TAK U MEHBIIE YHCIa TEPEMEHHBIX. 3aMeThM, 4TO cucrtemy (2.1) MoxHO
(dopmanbHO epenucarh B BUJIE:
f(x) =0, (22)

I7le X — BEKTOp, COCTaBJIEHHBINH W3 MepeMeHHbIX X1,x2,...,xM, a f (X) — cooTBeTCTBYIOIIAs
BEKTOpHAas PYHKIIHSL.

Jlis petieHns CUCTeM MMeEeTCsl CHelMaIbHbIN BBIYMCIUTENbHBIN OJOK, COCTOSAIIMNA U3 Tpex
yacTel, UAYIINX MOCIeA0BATEIBHO APYT 3a IPYrOM:

Given — KIII0Y€EBOE CII0BO;

CUCTEMa, 3aliCaHHas JIOTUYECKUMHU OIepaTopaMd B BHJIE€ PpABEHCTB U, BO3MOXHO,
HEPABEHCTB;

Find(x1...,xx) — BcTpoeHHass QyHKIMS JUIS PEIICHHUS CHCTEMbI OTHOCHTEIBHO TMEPEMEHHBIX
Xxy- - ey Xnte

BcraBnsath JIOTHYECKHE orepaTophl CIIeNyeT, MOJIb3YACh MaHEJbIO
uHctpymenToB Boolean (byneBsr oneparopsl). Ecnu Bel mpeamounTaere BBOA C KIIaBUATYPHI,
MOMHHTE, YTO JIOTHYECKWH 3HAaK paBEHCTBAa BBOJWUTCA coueranwem kmaBum CTRL + =
brnok Given/Find ncrnone3yer 1iisi OMCKa pEUICHUs] UTEPAllMOHHBIE METOJBI, TIO3TOMY, KaK U
utst GyHKIUM root, TpeOyeTcst 3ajaTh HadajdbHble 3HaUYeHus Ui Bcex X1,..., xm. CaenaTh 3TO
HeoOxoauMo 10 KitodeBoro cioa Given. 3nauenue pynkiuu Find ectb BEKTOp, cCOCTaBIEHHBIH
W3 PEIICHHs TIC KXo nepeMeHHor. Takum o0pa3oM, YMCII0 2IEMEHTOB BEKTOPa PaBHO YHUCIIO
aprymenToB Find.

B nucrtunre 1.6. npuBeneH npuMep peleHns CHCTEMBI ABYX YPaBHEHUM.



Jluctunr 1.6. Permenue cucTemMbl ypaBHEHUMN:
f(x,y) = X4 + yz -3
g(x,y) =x+2y
x=1 y=1
Given
f(x,y) =0
g(x,y) =0
v = Find(x,y)

1.269
—0.635

W=

f(vo,v1) = —1.954x 10~

g(vo.v1) = 0

B mepBBIX JBYX CTpOKax JMCTUHIA BBOJATCS (YHKIMHU, KOTOPbIE ONPEACISIOT CUCTEMY
ypaBHEHUH. 3aTeM IEpPEeMEHHbIM X U Yy, OTHOCUTEJIIbHO KOTOPBIX OHa OYyJeT pemarbes,
IPUCBANBAIOTCS HadallbHble 3Ha4yeHHs. [locie sToro ciemyer kiodeBoe cioBo Given u jsa
JIOTUYECKHUX OIlepaTopa, BbIpaXKalOIIUX paccMaTpUBAEMYyIO0 CHCTEMY YypaBHEHHMH. 3aBepiaer
BBIYMCIUTENBHBIA ONMOK  (GyHKims Find, 3HaueHHe KOTOpOW IPUCBaUBAETCs BEKTOPY V.
Crnenyromasi cTpoka IOKa3bIBaeT COJAEpKaHHME BEKTOpa V, T. €. pelleHue cucremsl. llepBbril
BIEMEHT BEKTOpa €CTh IMEpBbIi apryMeHT (yHkuuu Find, BTOpoil 21meMeHT — ee BTOpOii
aprymMeHT. B mocieqHux JByX CTpOKax OCYIIECTBIEHAa IMpOBEpKa MPABUIBHOCTU pPELICHUs
YPaBHEHUM.

Yacto ObIBaeT OuY€Hb MOJE3HO IPOBEPUTH TOYHOCTH PELIEHUS YPaBHEHWH, BBIYUCIINB
3HaYeHHs oOpasyrolnmx UX (QYyHKIMH B HalWJAEHHBIX BBIYMCIMTEIBHBIM IPOLIECCOPOM KOPHSX,
KaK 3TO C/IeIaHO B KOHIIE JucThHTa 1.6.

OtmeTHM, 4TO ypaBHEHUSI MOXHO OINPENEIUTh HEMOCPEACTBEHHO BHYTPH BBIYMCIIUTEIBHOIO
omoka. TakuMm 00Opa3oM, MOXKHO He ompenensath 3apanee (ynkiuu f (Xy) u g(x,y), KaKk 3TO
C/I€TIaHO B MEPBBIX JABYX CTPOKax JUcTUHTa 1.6, a cpa3y Hamucarh:

Given
x*+y?=3
x+t2y=0

Taxast popma nmpeacTaBisieT ypaBHEHHUs B OoJiee IPUBBIYHON U HArIAIHON (opMe, OCOOEHHO
MOAXOAIIEH sl TOKYMEHTUPOBAHUS PaOOTHI.

['paduueckas uHTEpHpETaLU PACCMOTPEHHON CUCTeMbI IpezcTaBieHa Ha puc. 1.3. Kaxnoe
U3 ypaBHEHUH MOKa3aHO Ha miuockocTu XY rpadukom. [lepBoe — cromHoil KpuBo#, BTOpoe —
MyHKTHUpOM. [TockonbKy BTOpOE€ ypaBHEHHE JIMHEHHOE, TO OHO OIpENENsieT Ha IUNIOCKOCTH XY



npsMylo. J[Be TOYKHM mepecedeHus] KPUBBIX COOTBETCTBYIOT OJHOBPEMEHHOMY BBIOJIHEHHIO
000MX ypaBHEHHMH, T. €. HCKOMBIM JICHCTBHUTENBbHBIM KOpPHSAM cHcTeMbl. Kak HeTpyaHO
yOenuThCs, B JIMCTUHTE HAWICHO TOJBKO OJHO M3 JBYX DEIICHHH — HaxOAsIIeecs B IPaBOM
HIDKHEH yacTu rpaduka. YToOBI OTHICKATh U BTOPOE PEIICHUE, CIeTyeT MOBTOPUThH BBIYMCICHHUS,
W3MECHUB HAdaJIbHBIC 3HAYCHMS TaK, YTOOBI OHM JISKAIM OJIVDKE K JIPYyrod TOYKE IHepecedeHHs
rpa¢ukoB, Hanpumep x=-1, y=-1.

2 I I

Puc. 1.3. I'paduueckoe perieHre CUCTEMBI IBYX YpaBHEHUH

Iloka MBI paccMOTpenu IpUMEpP CHUCTEMBl M3 [BYX YPaBHEHUH M TaKUM >K€ 4YHCIIOM
HEHU3BECTHBIX, UTO BcTpeyaeTcss Hanbosee yacto. Ho uncino ypaBHEHUH U HEU3BECTHBIX MOXKET U
HE COBMajaTh. bojee TOro, B BBIYMCIHUTENBHBIA OJOK MOXXHO JO0AaBHUTH JIOTIOJHHUTEIEHBIC
yCIIOBUSL B BHJE HepaBeHCTB. Hampumep, BBeIEeHHE OrpaHMYEHUs HA TIOUCK TOJIBKO
OTPULATENIbHBIX 3HAYEHUH X B PACCMOTPEHHBIN BbIIIE JUCTUHI 1.6 MpHUBENET K HaXO0XKJIECHUIO
JPyroro peueHus, Kak 3To M0Ka3aHo B JucTuHre 1.7.

JInerunr 1.7. Pemienue cucreMsl ypaBHEHUN U HEPABEHCTB:

x=1 y=1
Given
X + }FE =3
X+ 2-}?2 =0
x<0

_ —-1.269
Find(x,y) =

0.635

OOparure BHUMaHHE, YTO, HECMOTPS Ha T€ )K€ HadaJbHbIE 3HAYEHHUS, YTO U B JIMCTUHTE 8.6,
MBI MOTYYWIN B JUCTHHTE 1.7 Apyroil KkopeHb. ITO MPOU30LLIO UMEHHO Oarojnapsi BBEACHUIO
JOTIOJTHUTEIILHOTO HEPaBEHCTBA, KOTOpOe ompeseeHo B O1oke Given B mpenamnocieHeii cTpoke
auctuHra 1.7.

Ecnu npennpuHsATh NOMBITKY pENINTh HECOBMECTHYIO cucteMy, Mathcad BbiaacT coobieHue
00 ommOKe, riacdiiee, YTO0 HU OJHOTO PELICHHs HE HalJEHO, W NPEeJIOKEHHE MONpoOOBaTh
MIOMEHSTh HaYaJbHbIC 3HAYCHHS WM 3HAYCHUE TIOTPEITHOCTH.

BoruncnurensHplii - 6ok ucnonb3yer  koHcTaHTy CTOL B kayecTBe  HOTpEIIHOCTH
BBINIOJTHEHUS] ypPaBHEHWIA, BBEJCHHBIX IMOCie KiodeBoro ciosa Given. Hampuwmep, eciu
CTOL=0.001, To ypaBHenue x=/0 Oyner cuuraThcs BbINOIHEHHbIM U npu x=10.001, u npu



x=9.999. Jlpyras xonctanta TOL omnpenemnsier ycnoBue NpeKpaiieHuss UTEparii YUCIECHHBIM
anroputmoM. 3Hadenne CTOL moxer ObITh 3amaHO monb3oBaTeneM Tak ke kak u TOL,
Hanpumep, CTOL: = 0.01. Ilo ymomuanuto npunsto, yuto CTOL=TOL=0.001, no Bsl mno
KEJAaHUIO MOXKETE MEePEONPEACTUTh UX.

Oco0OeHHYI0 OCTOpPOKHOCTH CjelyeT CcoOJoaTh IPU PEHIeHHH CHCTEM C YHCIOM
HEHM3BECTHBIX OOJBIINM, YE€M YHCIO ypaBHEeHHH. Hampumep, MOXHO yHaiuTh OAHO U3 JBYX
YpaBHEHHUH M3 PACCMOTPEHHOTO HAaMHU JMCTUHTA 1.6, TMOMBITABIIUCH PEIIUTh €IUHCTBEHHOE
ypaBHeHHe g(x,y)=0 ¢ aBymMsS Heu3BeCTHHIMH X M y. B Takoil THOCTaHOBKE 3ajaya UMEET
0ECKOHEYHOE MHOXECTBO KOpHEH: st J1I000ro0 X U, COOTBETCTBEHHO, )=-X/2 YCJOBHE,
ompenendonee eAMHCTBEHHOE ypaBHEHHE, BBIMONHEHO. OJHAKO, Jake eclu KOpHel
0ECKOHEYHO MHOTO0, YUCJICHHBII MeTo/ OyJleT MPOM3BOAUTH PACUEThl TOJIBKO 10 TEX MOp, MOKa
JIOTHYECKUE BBIPAKECHUS B BBIYMCIUTEIBHOM OJOKe He OyayT BBINOJHEHBI (B Mperenax
norpemHoctn). [locie 3Toro urepanuu OyayT OCTaHOBJICHBI M BBIAHO pelieHue. B pesynbrare
Oyzer HaiiieHa BCero oHa napa 3HaueHHi (X,)), oOHapyKEeHHas IEPBOA.

BorurciurensHbiM 010k0M ¢ yHKImed Find MokHO HAWTH M KOpPEeHb YPaBHEHHUS C OJHUM
HeusBecTHBIM. [leiicTBre Find B 3TOM cityuae COBEpIIEHHO aHAJIOTHYHO YK€ PACCMOTPEHHBIM B
JAaHHOM pazjelie mpuMepam. 3ajadya MOMCKa KOPHS pacCMaTpHUBAETCS KaK pPElIeHHE CHUCTEMBI,
COCTOALICH W3 OJHOTO YypaBHEHHsS. ENMHCTBEHHBIM OTIMYMEM OyAeT CKaJspHBIA, a He
BEKTOPHBIA THUIT YHCIa, Bo3Bpainaemoro ¢yukiuei Find. TlpuMep pemieHus ypaBHEHHs H3
NpeIbIAYIIero pas/ienna IpuBeaeH B tuctunre 1.8.

JIncrunr 1.8. [Touck KopHs ypaBHEHHsI ¢ OTHUM HEM3BECTHBIM ¢ ToMoIIbio ¢pyHkiuu Find:

x:= 0.5
Given

sin(x) = 0

. -7
Find(x) = —3.814 % 10
B uem jxe oTnmume MpHUBENEHHOTO perieHust or juctuHra 1.1 ¢ ¢yskumeit root? OnHo
COCTOUT B TOM, YTO OJIHa M Ta € 3ajaya pellleHa pa3jIMYyHbIMU YHMCICHHBIMH MeToiamu. B
JTAHHOM ClTy4yae BBIOOp METOo/1a He BIMSAET Ha OKOHYATEIbHBIN pe3yIbTaT, HO OBIBAIOT CUTYAIHH,
KOTJa MPUMEHEHHE TOTO WIIM MHOTO METO/1a MMEET pellaroliee 3HaueHue.

3. O YHC/IeHHBIX METOAAX PellIeHUs CUCTEeM YPABHEHHU I

Eciu Bbl pemaere "xopomume" ypaBHEHHs, Kak BCE Te, KOTOpble ObUIM IPHUBEAEHHI B
OpeIbIAYIINX pa3zenax, TO MOXKeTe HUKOTAa He 3ayMbIBaThCs, Kak MMeHHO Mathcad umier ux
KopHU. OTHAKO Jake B ATOM ClIydae MOJIE3HO MPEACTaBIATh, YTO MPOUCXOIUT ""3a Kaapom', T. €.
KakMe JeWCTBUS COBEPIIAIOTCS B IPOMEXKYTKE MEKIY BBEICHMEM HEOOXOIUMBIX YCIOBUH MocCIe
KJIroueBoro cioa Given u monydeHueM pesyibTata mociie npumeHenus (ynkuuu Find. Dto
Ba)XHO XOT# OBl C MO3UIMI BbIOOpA HAaYaIbHBIX 3HAUEHUI IEPEeMEHHBIX Nepe]] BBIYUCIUTEIbHBIM
O0mokoM. PaccMoTpuM B JaHHOM pasfenie HEKOTOphle OCOOCHHOCTH YHUCIEHHBIX METOJOB H
BO3MOYKHOCTH YCTaHOBKH MX pa3jIMYHBIX TapaMETPOB, KOTOpbIe npenoctaiser Mathcad.

Oynkims Find peanusyer rpaIueHTHbIC YUCICHHBIC METO/IbI. [I0KakeM X OCHOBHYIO HJICIO
Ha MpuMepe ypaBHEHHs ¢ onHMM HemsBecTHBIM f(X)=0 mis dynkumm f (x)=x2 +5x+2, rpadux
KOTOpOM mokazaH Ha puc. 1.4. OcHOBHas wujaess TPATUCHTHBIX METOJOB COCTOHUT B
MOCJIEI0BATENbHBIX MPUOIMKEHUAX K HCTUHHOMY PEIICHUIO YpaBHEHHUS, KOTOPbIE BEIYUCIISIOTCS
C ToMoIlblo mpou3BoAHON oT f (x). IlpuBenem HaubOosee mnpocTyro QopMy airopurMma,
Ha3bIBaeMoro MeTozoM HproToHa:

3a HyJIeBYIO UTEpAIMIO IPHHUMAETCS BBEJICHHOE TOJIb30BATENIeM HaYa bHOE 3HAUCHHUE X0=X.

B TOYKe X0 METOZI0M KOHEYHBIX Pa3HOCTEW BBIYMCIISICTCS POU3BOIHAS f(X0).



[Tonp3ysick paznoxkeHuem Teinopa, MOKHO 3aMEHHUTH f (X) B OKPECTHOCTH XO KacaTeIhbHOM —
npsiMoit TrHUEH f{(x) =f(xo) +f(x0) (x-X0).

Omnpenensercs To4ka X', B KOTOPOii mpsAMas mepecekaer ock x (cM. puc. 1.4).

Ecmu f (x1)<TOL, To wuTepamuu OpephIBAlOTCS, W 3HaYeHHE X| BBITACTCA B KauecTBe
pemieHus. B nmpoTuBHOM ciydae X1 NPUHMMAETCS 32 HOBYIO MTEpALUIO, U IUKJ IOBTOPSETCS:
CTPOMTCS KacaTeibHas K f (X) B TOUKE X1, ONPEEIIAETCS X2 — TOUKA €€ MEPeceueHus! C OChIO X U T.
.

Puc. 1.4. Wmtoctpanus merona Hetotona

Monudukanuss anroputMa HprOTOHa Ui pelIeHUs CHUCTEMBbl HECKOJIbKUX YpaBHEHHIA
3aKJII0YAeTCsl B JIMHEAPU3AlWU COOTBETCTBYIOIMX (YHKIMA MHOTHUX IEPEMEHHBIX, T. €.
AIMpOKCUMALIMM UX JIMHEHHON 3aBUCHUMOCTBIO C ITOMOILBIO YaCTHBIX MPOU3BOAHBIX. Hanmpumep,
JUIsL HYJIEBOM UTEPALlUU B CJIy4ae CUCTEMBI JIBYX YPaBHEHHH HCIIOJIb3YIOTCS BHIPAKEHUSI.

UroObl OTBICKATh TOYKY, COOTBETCTBYIONIYIO KaKIOW HOBOH wurTepanuu, Tpeldyercs
IPUPABHATH 00a paBEHCTBA HYJIO, T. €. PELIUTh Ha KaXJOM LIare MOJIYYEHHYIO CUCTEMY
JUHENUHBIX YPaBHEHUH.

Mathcad mnpeanaraer Tpu pa3iaMuYHBIX BHJAA TPATUEHTHBIX METONO0B. YTOOBI MOMEHSTH
YUCJIEHHBIA METONI:

[lenkHuTe MpaBoil KHOMKOM MBI Ha Ha3BaHuu GyHKIMU Find.

Hagenute yka3zarens Mpinm Ha myHKT Nonlinear (HennHeliHblil) B KOHTEKCTHOM MEHIO.

B mnosBuBmemcs noamento (puc. 1.5) BeiOepuTe omuH W3 Tpex MeroaoB: Conjugate
Gradient (CompspKeHHBIX rpaguentoB), Quasi-Newton (Ksazu-HbrOTOHOBCKHIA)
wiu Levenberg-Marquardt (JIleeuOepra).
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Puc. 1.5. CMeHa ynciieHHOro MeTOoAa

UroObl BEpHYTHh aBTOMATHUYECKHI BBIOOP THIIA YUCIEHHOTO METOJa, B KOHTEKCTHOM MEHIO
Hamo BbIOpaTh myHKT AutoSelect (ABromaTuueckuii BbIOOp). Eciu  ycraHOoBieHa  OIMIHs
ABTOMATUYECKOTro BbIOOpa (0 4eM roBoput (IaXKoK, yCTaHOBJICHHBIN B myHKTe AutoSelect), To
TEKYIIUI TUIT YUCICHHOTO METO/Ia MOKHO y3HaTh, BBI3BAB TO K€ CaMO€ MOJAMEHIO M TIOCMOTPEB,
KOTOPBIM M3 HUX OTMEYEH TOYKOW. /[Ba mocieaHux Meroja sABJISIOTCS KBa3u-HbIOTOHOBCKHMU,
OCHOBHAas W€ KOTOPHIX OblIa paccMOTpeHa Bbimie. [IepBbIii M3 HUX, METOJI COMPSIKEHHBIX
IPaJUCHTOB, SIBJISETCS IBYXIIATOBBIM — JJIs MOMCKA OYEPEAHON UTEpalld OH MCIIOJB3YeT Kak
TEKyIIyl0, TaK M Mpeaplaynlylo utepanuu. Anroput™m JleBenOepra moapoOHO omucaH B
cnpaBoyHoi cucteme Mathcad, a pgertanpHylo wuHbopManuioo 0 Meronax HbpioToHa U
COIPSDKEHHBIX TPAJMEHTOB MOYKHO HAMTH B OOJIBIIMHCTBE KHHT 110 YNCICHHBIM METOIaM.

[Tomumo BbIOOpa caMOI0 METOJA, MMEETCS BO3MOXKHOCTh YCTAaHABIMBAThb MX HEKOTOPHIE
napameTpsl. s 3TOro Hy>KHO BBI3BaTh C TIOMOIIBIO TOTO YK€ KOHTEKCTHOTO MEHIO THAIIOTOBOE
okxo Advanced Options ([lomoaHUTEIbHBIC ApaMETPhl), BbIOPaB B KOHTEKCTHOM MEHIO
nyHkThl Nonlinear » Advanced options (Henuneiinsiii > JlononHUTEIbHBIC TTapaMeTpsl). B aTom
JIMaJIOTOBOM OKHe (pHc. 8.6.) UMeeTcs IATh TPy NepeKItoyaTesiei, o 1Ba B KaXI0M.

B mnepsoii crpoke Derivative estimation (Anmpokcumaliusi MPOU3BOIHOM) OMpeaeseTCs
MeTon BbluHcHeHus mnpousBoaHoit Forward (Brmepen) wmm Central (Lentpanbhas). Ownu
COOTBETCTBYIOT alMpOKCUMAIlMU IMPOU3BOJHON MO0 MpaBod (IByXTouedHasi cxema '"Boepen'),
a100 LEHTPaAIbHOM (TpeXToueuHasi CHMMETPUYHAsl CXeMa) KOHEUHOW Pa3HOCTHIO.

OOparuTe BHUMaHHE, YTO BBIYMCIICHUE TPOU3BOJHON B TPAJMEHTHBIX YHCIECHHBIX METOJax
peleHns ypaBHEHHUI MPOU3BOAUTCS O0jiee SKOHOMHUYHBIM CIIOCOOOM, HEXENIH NMPH YUCIEHHOM
muddepeHIMpOBaHUH.

Bo Bropoit crpoke Variable estimation (Anmpokcumanusi EPEMEHHBIX)  MOXHO
OTIPENIeNIUTh THII anmpoKcuManuu psaoM Teinopa. s pacCMOTpEHHOTO HAMH B 9TOM pasjieie
ciydJast anmpoKCUMAaIluu KacaTeJIbHOU pSMOii JTMHUEN BbIOEpUTE
nepekouatens Tangent (Kacarenpnas), s 0osiee TOYHOM KBaIpaTHYHOW amnmpoOKCHUMAIluu
(mapabouoit) Beibepute Quadratic (Ksagpatuunas).

Crnenyromas rpymma mnepekmouareneit Linear variable check (TTposepka nuneiiHOCTH)
MO3BOJISIET B CIIEUM(UUECKUX 3a/1a4ax COKOHOMUTH BpeMs BeluMciaeHuid. Eciu Bel yBepeHsl, uto
HEIIMHEHHOCTH BCeX (YHKIIMHA, BXOJIINX B YpaBHEHHE, MaIO CKa3bIBAIOTCS Ha 3HAYCHUSX BCEX
UX YaCTHBIX IPOU3BOJAHBIX, TO YCTaHOBHUTE Iepekitoyarens Yes ([la). B stom ciygae
NPOM3BOJIHBIE OyIyT TMPHUHSTHI PaBHBIMH KOHCTAHTaM M HE OYAYT BBIUYMCIATHCS Ha KaKIOM
miare.

C OCTOpPOXHOCTBIO M3MEHSANTE MapaMeTphl YUCICHHBIX MeToA0B. [lonb3yiiTech UMHU, Korjaa
peleHre He HaXOIUTCS IPU BBICTABICHHBIX MO YMOJIYAHHUIO MapaMeTpax WM KOT/Ia pacueTsl
3aHUMAIOT OYEHb MPOJIOIDKUTEIEHOE BPEMSI.
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Puc. 1.6. [lnanorosoe okuno Advanced Options

[Mapa mnepexmrouareneit Multistart (CkanupoBanie) 3agaeT ONIHUIO TMOHMCKA TI00AIBLHOTO
WIA JIOKaJbHOIO MHHMMYyMa WM MakcuMyma. Ecinu BeicTaBieH nepekirodartenb Yes ([la),
Mathcad Oyner meITaThCsi HaiiTH HambOosee TIIyOOKWMH SKCTpeMyM M3 001acTH, OMU3KOH K
HayaJIbHOMY NPUOIMKEHUI0. DTa OILMS MpelHa3HaueHa, B OCHOBHOM, Ul HACTPOUKH (TeX e
CaMbIX, TPAJTUCHTHBIX) AITOPUTMOB TOMCKA SKCTPEMyMa, a HE JUIS PELICHHs anreOpamdecKux
YpaBHEHUH.

Haxonen, mnocneanuii nepekirouarensb Evolutionary (OBoOIMOHHBIA aNrOpUTM), €CIIU
YCTaHOBUTH €ro B nosiokeHue Yes ([la), mo3Bosiger UCnonb30BaTh MOJUGUKALMIO YUCICHHOTO
METO/a Ul pelIeHHs] YPaBHEHUH, OnpeaensieMbIX He 00s3aTenbHO TaagkuMu GyHKuusmu Kak
MbI YOCAMINCHh B 9TOM pasjielie, BCe rPaJUCHTHBIC METO/IbI, peann3oBaHHbie B ¢yHkimu Find,
TpeOyIOT MHOTOKPAaTHOTO BBIYUCIEHHS Npou3BoAHBIX. Ecmu Ber paGoTtaere ¢ moctaToyHO
INIAAKUMH (QYHKIMSMHU, TO TPAJUEHTHBIE METO/Ibl 00ECIeUnBaOT OBICTPBIM U HaJIEKHBIH MOUCK
KopHs. sl morcKa KOPHS HEIOCTATOYHO TJIAAKMX (DYHKIMA OJHON NEepeMEeHHOH, clieayeT Inbo
BBICTABUTh JaHHYK onuuoo  ¢yHkuuu Find, nubo wucmomb3oBaTh METOA  CEKYILIHMX
(pynkiuro root). [TomHHTE, YTO TPABUIBHBIN BHIOOP YHCICHHOTO METO/A W €r0 IapaMeTpoB
MOYKET 1OMOYb IPHU PELIEHUU HECTAaHAAPTHOM 3a/auM, KOTOpas MpH CTaHAAPTHBIX yCTAHOBKaxX
MOYKET U HE MOJaBaThCsl PEIICHUIO.

4. llpudansKeHHOE pelieHre ypaBHeHU i

HNHoraa npuxoauTcst 3aMeHATh 3a7ady OIpPEAENICHHUs KOPHEM CUCTEMBbl ypaBHEHUM 3ajadei
MOUCKa 3KcTpeMyMa (DyHKIMM MHOTHMX IepeMeHHbIX. Hampumep, Koria HEBO3MOXKHO HaWTH
pemieHne ¢ nomomipio (yHknmu Find, MOXHO mHOMBITATECS MOTPEOOBATH BMECTO TOYHOIO
BBITIOJIHEHUS] YPaBHEHUM yCIOBMI MUHMMH3MPOBAaTh MX HEBs3Ky. s 3Toro cienyer B
BBIYUCITUTEILHOM Oji0ke BMecTo (yHKimu Find ucronb3oBath (yHKIH0 MINerr, uMeromnryio
TOT Jk€ caMmbplii Habop mapamerpoB. OHa TaKkKe JODKHAa HaxOAUThcd B Ipeaenax
BBIYUCIUTENHHOIO OJI0Ka:

X1: = Ci... xu: =Cy — HauaNbHBIC 3HAYCHUS 11 HEU3BECTHBIX.
Given — kJIr0YeBOE CIIOBO.

Cucrema anreOpandecKux YypaBHEHHMH W HEPaBEHCTB, 3allMCaHHAs JIOTUMECKUMHU
orepaTopamH.

Minerr (X,...,Xy) — IPUOIIKEHHOE PEIIEHUE CUCTEMbI OTHOCHTEIILHO IEPEMEHHBIX X1;. . ., X,
MUHHMH3HPYIOIIee HEBSA3KY CUCTEMBI YPaBHEHUH.

B ¢yukipm Minerr peain3oBaHbl Te K€ caMble alrOpUTMbI, 9T0 U B QyHkuuu Find, nabiM
SBIISIETCS TOJIBKO YCIIOBHME 3aBepLICHHs pabOThl YMCIEHHOro merona. I[loaromy monb3oBaTelb
MOXET TeM K€ CaMbIM 00pa3oM, C IMOMOMIbI0 KOHTEKCTHOTO MEHIO0, BBHIOMpATh YHCIICHHBIH
AIITOPUTM NPUOIIKEHHOTO pereHus A Gyakuuun Minerr,

[Mpumep ucnonb3oBanus Gpyukimu Minerr nokaszan B nuctunre 1.9. Kak BugHO, 10CTaTOYHO
3aMEHHUTh B BBIYMCIHTEILHOM Onoke uMsi QyHKimu Ha MINErr, 4Tto0bl BMECTO TOYHOTO (C



TouHOCThIO 0 TOL) monyunTh mNpUOIMIKEHHOE pelleHne YypaBHEHHS, 3aJaHHOTO IIOCIe
KJIr04eBOro ciosa Given.
Jluctunr 1.9. IpubnmxeHuit pemeHne ypaBHEeHUs, UMEIoIero kopenb (x=0, y=0):

x=1 y=1

k= 10°

Given
k: Xz + yz =0

v ;= Minerr(x,y)
0
0

Jluctunr 1.9 neMoHCTpHpyeT NpHONMKEHHOE pelleHue ypaBHeHus Kx? +y%: = 0, KOoTOpoe
npu Jr000M 3HaYeHHUH K03 duimenTa K uMeeT eIMHCTBEHHBIH TOUHBIA KopeHb (Xx=0,y=0). Tem
HE MEHee, IPH MOMbITKEe PeluTh ero Gynkuueit Find qis Oonpmmx k, mopsijka mpuHSTHIX B
JUCTUHTE, TPOUCXOAUT TeHepanus omuoOku "No solution was found" (Pemenue He HalieHO).
D10 cBA3aHO ¢ UHBIM noBeaenueM Gynxmun f (X,y)=Kx? +y? B6IU3H ee KOpHS, 10 CPABHEHHUIO C
GyHKIUSMU, MPUBOJMMBIMM B KadyecTBE NPUMEPOB Bhbille. B oTinume oT HuUX, f (X,y) He
nepecekaer mIockocTh f (x,))=0, a mumb kacaercs ee (puc. 1.7) B rouke (x=0,y=0). [losTomy u
HalTH KOpEHb M3JI0KEHHBIMU B MpPEAbIAYIIEM pa3felie IpaJueHTHbIMA METOJaMH CIIOKHEE,
MOCKOJIBKY BOJIM3HM KOpHS TPOHM3BOIHBIC f (xy) OJIM3KH K HYIIO, U WUTEPAIlMH MOTYT YBOIHTH
IpeJnoyiaraéMoe perieHre Janeko OT KOPHSI.

Cutyanus eme Oosiee yXyaAIIaeTcs, €CIU Hapsay ¢ KOpHEM Tumna kacanus (cMm. puc. 8.7)
uMeroTcsl (BO3MOXKHO, BeChbMa y/alieHHbIe) KOPHH THIIA MepecedeHus. Torja MombITKa PelnuTh
ypaBHEHUE WJIM CHCTEMYy YypaBHECHUH ¢ moMolnbelo ¢yHKiuu Find Moxer TpUBOAUTE K
HAXO0XJICHHUIO KOPHS BTOPOTO THUIMA, Ja)Xe €CITU HadadbHOE MPUOIMKEHHE OBbLIO B3ATO OYEHBb
6mu3ko K nepBomy. [loaTomy ecnu Bel mpeamonaraere, 4To cucTeMa ypaBHEHUH MMEET KOPEHb
THUIA KacaHWs, HAMHOTO MPEANOYTUTEIbHEE UCIOL30BaTh (GyHKIHI0 Minerr, tem 6osee, 4TO
BCETJ]a €CTh BO3MOXXHOCTh TIPOBEPUTH TPABWILHOCTh PEUICHHUS YpPAaBHEHHWH IPOCTOMN
MOJICTAHOBKOW B HUX MOJYYEHHOTO perieHus (CM. JIUCTUHT 1.6).

V:

0

Puc. 1.7. Tpadux dynxiun kx? +y»
B mmcruHre 1.9 MBI paccMoTpenu NpUMEP HAxXOXKIEHUs CYIIECTBYIOUIETO PpEIIEHUs
ypaBHenus. [IpuBenem B 3aKiroueHre IpUMeEp HaXoKAeHUS pyHKuuer MIinerr npuodamKeHHOro



pEeIICHUs] HECOBMECTHOM CHCTEMBbI ypaBHEHWW u HepaBeHCTB (nuctuHr 1.10). Pemenwme,
BbIaBacMoe pyHkimeit Minerr, MUHUMU3UPYET HEBA3KY JaHHOW CHCTEMBI.

Jluctuar 1.10. I[IpubmmxkeHHOE pelIeHHE HECOBMECTHOHW CHUCTEMBl YpaBHEHUU W
HEPABEHCTB:

x=1 y=1
Grven
X + y2 =-1
x> 01
y<-02
-0.042

Minerr(x,y) =
—0.085

Kak BupHO W3 NUCTHHTa, B KadecTBE pe3yjbTaTa BBIAAIOTCS 3HAUYCHHUS IIEPEMEHHBIX,
HAWIY4YIIUM  00pa3oM  YIOBJICTBOPSIONIIME  YPaBHEHHIO HM  HEPABEHCTBAM  BHYTpH
BBIYUCIIUTENILHOTO OJIoKa. BHUMAaTeNbHBI 4YHMTATEThb MOXET OOHAPYXHUTh, YTO pEIICHHE,
BbIIaBaeMoe (QyHkipeir Minerr B paccMarpuBaeMoOM TMpHMEpPE, HE SIBISCTCS €IHHCTBCHHBIM,
MOCKOJIBKY MHO’KECTBO TIap 3HAY€HUH (X,)) B PaBHOW CTENEHH MUHHMHU3UPYET HEBS3KY JaHHOU
CHCTEMBbl YpaBHCHHUW M HeEpaBeHCTB. [103TOMY Ui pa3ivuHBIX HAYajlbHBIX 3HAYCHUH OYyIyT
NOJy4YaTbCs pas3Hble pElmIeHHs, TMOJAOOHO TOMY Kak pas3Hble pEIIeHHs  BBIIAIOTCS
dbyukiueii Find B ciayvyae 6eCKOHEUHOrO MHOXKECTBA KOpHEH (CM. 00CysKaeHue aucTrHra 1.6)

Eme Oonee omaceH ciydyaif, KOrja MMEIOTCS BCEr0 HECKOJBKO JIOKAJTBHBIX MHHHUMYMOB
¢GyHKIMU HEeBs3KU. Toraa HeyJauyHO BHIOPAaHHOE HAYaIbHOE MPHOJMKCHHUE TIPUBEICT K BhIJaue
UMEHHO 3TOTO JIOKAJIHOTO MUHUMYMa, HECMOTPSI Ha TO, YTO JAPYroH (TIo0aibHBIN) MUHUMYM
HEBSI3KH MOJKET YJIOBJICTBOPSTH CUCTEME TOPA3JIO0 JyYIlIe.



