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Tema Ne7 «MaTpudHbIe BHIYHCIECHUSD)

Jlekuusa 2 «Onepaumu ¢ MAaTPpULAMI

BexkTopu3zanus MaccuBoB

Bektopnas anrebpa Mathcad BxirouaeT HECKOJIBKO HEOOBIUHBIN OmepaTop,
KOTOpBI HAa3bIBACTCS OIeparopoM BekTopusamum (Vectorize operator). Otot
oIepaTop MpeaHa3Ha4YeH, KaK MpaBuiIo, Uit paboTel ¢ MaccuBaMu. OH MO3BOJISET
IPOBECTH OJHOTUITHYIO OIEpalMI0 HaJl BCEMH D3JEMEHTaMH MaccuBa (T. €.
MATpHIBI WM BEKTOpAa), YIPOINas TEM CaMbIM IMPOTPAMMUPOBAHHE IIUKJIOB.
Hanpumep, wHOTAA TpeOyeTcss YMHOXKUTH KaXKIBI AIIEMEHT OJHOTO BEKTOpa Ha
COOTBETCTBYIOIIUI AJIEMEHT JIPYroro BekTopa. HemocpeacTBeHHO Takoii onepariu
B Mathcad HeT, HO €€ JIeTKO OCYIIIECTBUTH C MTOMOIIBIO BEKTOpHU3auu (IucTuHr 1
9.16).

Jlucrunr 1. VMcnonb30BaHue BEKTOPH3AIMU ISl MIEPEMHOXKEHUS SJIEMEHTOB
BEKTOpA:
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st aToro:

BBeaure BEKTOPHOE BBIpaXEHHME, Kak II0Ka3aHO BO BTOPOMl CTpOUYKE
auctuHra (oOpaTtuTe BHUMaHHE, YTO B TAaKOM BHJIE€ CHUMBOJI YMHOXKEHUS
0003HaYaeT OnepaTop CKaISPHOTO MPOU3BEACHUS BEKTOPOB).

o  Ilepemecture Kypcop TakuM 00pa3oM, 4TOOBI JIMHUM BBOJA BBIJEISIIA BCE
BBIpQKECHUE, KOTOPOE TPeOyeTCs MOIBEPTrHYTh BekTopu3aruu (puc. 1.1).

o  Baeaure oreparop BEKTOpHU3ALINH, HaXKaB

kHomnKy Vectorize (Bexropuzanus) na nanenu Matrix (Marpuma) (puc.l.1),

uin couetanueM kinaum CTRL + -,

BBeaute =, 4T0ObI MOJIYYUTH PE3YJIbTAT.



Puc. 1.1. Oneparop BeKTOpHU3alUU

OmnepaTop BEKTOpHW3allMd MOXXHO HCIIOJIB30BaTh TOJBKO C BEKTOpPAMH U
MaTpHULIaMU OJIMHAKOBOTO pa3Mepa.

CuMBOJIbLHBIE onepanuu ¢ MaTpumamMu

Bce MarpuuHble M BEKTOPHBIE OIIEPATOPBI, O KOTOPBIX IIJIa PEYb BBIIIE,
JOIIyCTUMO HCIIOJB30BaTh B CHUMBOJIBHBIX BBIYMCIEHUAX. MOIIb CHMBOJBHBIX
Olepanui 3aKiIo4acTcsi B BO3MOXKHOCTM IIPOBOJAMTH HX HE TOJBKO HAal
KOHKPETHBIMM 4YMCJIAMH, HO M HaJI InepeMeHHbIMU. Heckonpko IpumMepoB
IPUBEJICHBI B IUCTUHTE 2.

JlneTunr 2 . [Ipumepbl CUMBOJIBHBIX OTI€palliid HaJl BEKTOPaMHU U MaTPULIAMHU:

ab ao+br ap+bs aq+ bt
c d | > b —|co+dr cp+ds cq+dt
f g vt fo+gr fp+gs fq+gt
a 00
0b1ll|l —a(bc-1)
01c
(a b ! 1 d —b
\c d a-d—b-c. —Cc a
(a r b-t—cs

\ € t as—br
a

Z b|—>a+b+c
c

CMmeno HCHoJIb3yHTE€ CHUMBOJBHBIA MPOIECCOP B KAayeCTBE MOIIHOTO
MaTeMaTU4ecKoro crnpaBouyHuka. Hanpumep, korga Bel XoTuTe BCIOMHUTH Kakoe-
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100 omnpezeneHre u3 00JacTu JMHEWHON anreOpsl (Tak, MpaBuiia MEPEMHOKEHUS
¥ O0OpaIeHus] MaTPHI TIOKa3aHbl B IEPBBIX CTPOKAX JUCTHHTA 2).

Marpuuynsie pyHKuuM. @PyHKIUN CO3AAHUSA MATPHIL.

[lepeuncnuM OCHOBHBIE BCTPOCHHBIE (DYHKIMH, TNpeJHA3HAUCHHBIC IS
obnerdenust paboTbl ¢ BekTOopamMu W Marpumamu. OHM HYXHBI JJIS CO3TAHHS
MaTpUll, CIMSHUSA W BBIIACICHUS 4YaCTH MATPHIL, NOJYYEHHUs OCHOBHBIX CBOWCTB
MaTpull U T.II.

CaMbIM HarJISIIHBIM CHOCOOOM CO3/IaHMSI MATPHUIIBI WJIM BEKTOpa SIBISETCA
MpUMEHEHUE TIEPBOM KHOMKMU MaHeau UHCTpyMeHToB Matrix (Matpuubl). OnHako
B OOJIIIMHCTBE CJIy4yaeB, B YACTHOCTH NPH MPOTPAMMHUPOBAHUU CIIOKHBIX
MPOEKTOB, yJo0OHee ObIBaeT CO3/1aBaTh MAacCHUBbI C TOMOIIbIO BCTPOEHHBIX

GbyHKITUH.
OnpeesieHue 3 1€MEHTOB MATPHILbI Yepe3 PYyHKIHIO
. matrix(M,N,f) — co3manne matpunbl pazmMepa M x N, KaKIblii 1,] 21eMEHT
KoTopoii ects f (i, j) (ucTunr 3 );

o M — KOJIMYECTBO CTPOK;
o N — KOJIM4eCTBO CTOJIOIOB;

o f (i, ]) — dbyHKIHS.
Jlucrunr 3. Co3anue MaTpUIIbL:

f(i,j) =1+ 0.5
A= matrix(2,3,1)

0 051

1 15 2

A =

Jlnst  co3maHust MaTpHIl HMMEIOTCS ele JBe crenuduieckue (QyHKINH,
MPUMEHSIEMbIE, B OCHOBHOM, JIJIsl OBICTPOrO U 3((PEKTHOTO MPEACTaBICHUS KAKHUX-
aM00 3aBHUCUMOCTEM B BHJIE TPEXMEPHBIX TpaduKoB (THUIAa TOBEPXHOCTH WIIU
MIPOCTPAHCTBEHHON KpuBOi). Bce mx aprymeHTsl, kpome mepBoro ((GpyHKIIUN),
HE00s13aTeITbHBI.

Causinue u pa3doneHue MaTpPHIL
N3 maTpuIsl UM BEKTOpA MOXKHO BBIACIUTH JIUOO MOJMATPHUILY, JTUOO BEKTOP-

croJsiden, OO OTIAEIbHBIN 37eMeHT. Y oOpaTHO, MOXHO "CKJIEUTh" HECKOJIBKO
MaTpHI B OJIHY.

Broiaesienne 4acTu MaTpULbI
YacTh MaTpUIlbl BEICTAETCS OJHUM U3 CICAYIOMUX CIIOCOOOB:

e  JUIA BBIACIICHUS OJHOTO OJJIEMEHTA TMPEJAHA3HAYEH OIEpaTop HUKHETO
uHnekca. Omepatop BBOAUTCS HaxartueM KHomku Subscript (Hwkuuit
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WHIEKC) CO 3HA4YKOM XxnHa mna”enu Matrix (Marpuna), 100 HakaTHem
kaaBuiy [ (JiucTuHr 4 | BTOpasi CTpoKa CBEpXY);

e IS BBIIEICHHUS M3 MATPUIBI CTOJIOIA MPUMEHHUTE OMNEpaTop BbHIACICHUS
cronbna HaxarueMm kHomku Matrix Column c wu300paxeHreM YTIIOBBIX
CKOOOK <>mHa ma”enu Matrix, mm6o coueranmem knasum CTRL +
6 (iuctuHr 4 ). DTOT OmepaTop Ha3bIBAIOT €IIIE, M0 AHAIOTUU C TPEIbITYIINM,
OTepaTOpOM BEPXHET0 MH/CKCA,;

e  4TOOBI BBIACIUTH M3 MATPHUIIBl CTPOKY, IPUMEHUTE TOT K€ Omeparop <> K
TPaAHCIIOHUPOBAHHOU MaTpuIle (JIMCTUHT 4 , CHU3Y);

e NN BBIACICHHUS TOAMATPHUIBI HCIONB3YHTE BCTPOCHHYIO (QYHKITHIO
submatrix(A/ir/jr,ic, jC), BO3BpalaiOIIyI0 YacTh MATPHUIbl A, HAXOASIIYIOCS
MEXKIy CTpOKaMH Ir, jr u cTonbiamu iC, jC BKIIFOUUTEIBHO (JINCTHHT 5 ).

BbeiienuTs M3 MaTpHIBI OJUH CTOJOCI[ WJIM CTPOKY MOXKHO M C TOMOIIBIO
dyHkmu submatrix.
JInctuHr 4. JlocTyn K OTAETBHBIM 3JIEMEHTaM, CTOJIOIaM U CTPOKaM MaTpPHIIbL:

1 2 3
A=
4 56
Ap,1 = A1,1=5
3 1 2
A2 _ A0 _ AL _
6 4 5
1
N NG
() = |2 (a7 =z 3
3
JluctuHr 5 . BeigeneHnue moaMaTpuIib:
(1 2 3 1 2
submatrix ,0,1,0,1 (=
\4 56 4 5
(1 0 o
submatrix ,0,0,0,1{=(1 0)
-1 -3 -4

Te xe omepanuyu NPUMEHUMBI K MaTPHUIIAM-BEKTOpaM M MaTPHUIIAM-CTPOKAM.
Cnegyer moMHUTH TOJIbKkO, yTOo pasmep ux cocraBmier N x 1 mw 1 x N,
COOTBETCTBEHHO (JIUCTUHT 6 ).
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Jluctuur 6 . Boijgenenue yacteld U3 BEKTOPOB U CTPOK:

1
. T
(12 )9 = (1) 2 = (2)
3
1
1
submatrix| | 2 {,0,1,0,0 =[ ]
2
3

CiiusiHMe MaTpuIl

Jnst Toro 4toOBl COCTaBUTH M3 JBYX WM Oojee Marpull oaHy, B Mathcad
IPETyCMOTPEHBI JIBE MaTpUUHbIC QYHKIMKA (JIACTUHT 7):

. augment (4, s, c¢,...) — marpuna, chOpMHUPOBAHHAS CIMSHAEM MAaTPHII-
apryMEHTOB CJIEBa HAIPABO;

o stack (4, s c¢,...) — marpuna, chopMHpPOBaHHAS CIIMSHUEM MAaTPHII-
apryMEHTOB CBEPXY BHU3;
o A,B,C,... — BEKTOPBI HJIM MATPHIII COOTBETCTBYIOIIECTO pa3Mepa.

Jlucrunr 7. [Tpumepsl cAUsSHUS MaTPUIL;
1 23 000

A= B =
4 5 6 000

stack(A,B) =

123000
456000

1 3 11230003
augment JAB, =
1 3 1456 0003

augment(A,B) = [
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BbiBoa pasmepa MaTpuil
JInst mostyyeHust CBEICHUN O XapaKTEPUCTUKAX MATPUI] WJIH BEKTOPOB
IPETyCMOTPEHBI CIICAYIOIINE BCTPOSHHBIC (YHKITUU (JIMCTHHT 8):

. rows (A) — 9uCIIO CTPOK;
. cols (A) — uucio cTos010B;

. length (V) — guciio smeMeHTOB BEeKTOpA;

. last (V) — uHAEKC MOCIeIHEr0 AIeMEHTa BEKTOPA;
o A — MaTpuIia WK BEKTOP;
o V — BEKTOD.

Uuco 31eMEeHTOB BEKTOpa U MHIEKC €ro MOCJIEIHETo 3JIEMEHTa COBIAAAIOT,
€CJIM MHAEKCBI HyMepytoTes ¢ 1, T. €. cucteMHas koHctanta ORIGIN paBha 1.

Jluctunr 8. Pazmep Matpuil 1 BEKTOPOB:

wi=1(1 2 3)

1 2 1
A=1314 vi=|2

56 3
rows(A) =3 rows(v) = 3 rows(w) = 1
cols(A) = 2 cols(v) =1 cols(w) = 3
length(v) = 3
last(v) = 2

CopTupoBka MaTpHLl

Yacto ObIBaeT HYXKHO IE€PECTAaBUTh DJIEMEHTHI MATPHUIBI WM BEKTOpA,
PacCroJIOKMB UX B OMPEIEICHHOW CTPOKE WM CTOJOIE B MOPSJKE BO3pacCTaHUS
i yObiBaHus. {151 3TOro MMEIOTCS HECKOJIIBKO BCTPOEHHBIX (PYHKITUH, KOTOpPHIE
MO3BOJISIIOT THOKO YIIPaBJISThH COPTUPOBKOM MAaTpPHIL:

o  sort(v) — copTHpOBKa 3JIEMEHTOB BEKTOPA B MOPSIKE BO3PACTAHUS (JIMCTUHT
9);

e  CSOrt(A,i) — copTpoBKa CTPOK MaTPHIIBI BBICTPAUBAHHEM DJIEMEHTOB 1-TO
croJiba B mopsiake Bo3pactanus (yuctunr 10);

. rsort(A,i) — copTupoBKa CTOJOIIOB MaTPHUIIbl BEICTPAUBAHUEM JJIEMEHTOB I-i
CTPOKH B MOPsAKE Bo3pacTanus (uctuHr 11);

o reverse (V) — mepecTaHOBKAa JJIEMEHTOB BEKTOpa B OOPATHOM TMOPSIKE
(;muctunr 9);

o V — BEKTOD;



o A — matpuiia;
o | — MHIEKC CTPOKU WM CTOJIOIA.

Ecnu 35eMeHTsl MaTpyl] WK BEKTOPOB KOMILUIEKCHBIE, TO COPTUPOBKA BEIETCS
I10 ICMCTBUTEIIBHOW YaCTH, @ MHUMAs YaCTb UTHOPUPYETCS.

JIuctunr 9. CopTrpoBKa BEKTOPOB:

30 1 (27
1 2 4
V= sort(v) = reverse(v) =
4 3 1
\2) \4) \3)

JIncrunr 10. CopTupoBKa MaTpUIl MO CTOJIOIY:

1 9
A=130
2 8

30 19

csort(A,1) =| 2 8 csort(A,0) = | 2 8

19 30

JIncrunr 11. CoptupoBka MaTpul o cTpoke (MaTpuiua A u3 auctudra 9.28):

9 1 1 9
rsort(A,1) =] 0 3 rsort(A,2) =3 0
8 2 2 8

Hopma kBagpaTHO# MaTPULIbI

B nuHe#HO# anreOpe UCMONb3yIOTCA pa3iMyHble MaTpUYHbIC HOPMBI (NOrM),
KOTOPBIE CTAaBAT B COOTBETCTBUE MATPHULIE HEKOTOPYIO CKAJAPHYIO YHUCIOBYIO
XapakTepucTuky. Hopma maTpuubl OTpakaeT MNOPSAAOK BEIMYHMHBI MAaTPUYHBIX
2JIEMEHTOB. B pa3HbIX cienudpudeckux 3agadax JUHEHHON anreOpbl MPUMEHSIOTCS
paznuuHble BuAbl HOpM. Mathcad nmeer uerbipe BCTpPOEHHbIE (OYHKIMH IS
pacuera pa3HbIX HOPM KBaJIPATHBIX MaTPUILL:

. norml (A) — Hopma B ipocTpanctse L1;

. norm2 (A) — Hopma B mipocTpaHcTse L2;

« norme (A) — eskiunoBa HopMma (euclidean norm);

. normi (A) — max-nopma, wiu Hopma (infinity norm);
o A — KBagpaTHasi MaTpUILIA.
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[IpuMepsbl pacueTa pa3aIuYHbIX HOPM JABYX MAaTpull A U B C pa3auyarolIUMUCS
Ha JIBa TOpsAKa dJeMeHTaM! mpuBeleHbl B nuctuHre 12. B mocnemHeir ctpoke
ATOTO JIMCTUHTA MOSICHEH) OMpEEeICHUE EBKIUI0BON HOPMBI, KOTOPOE MOX0XKE Ha
OmpeJieJICHUE ITTMHBI BEKTOpA.

JIucTunr 12. Hopmsl maTpui:

1 2 100 200
A= B =

3 4 300 400
norml(A) = 6 norml(B) = 600
norm2(A) = 5.465 norm2(B) = 546.499
normi(A) = 7 normi(B) = 700
norme(A) = 5.477 norme(B) = 547.723

\/12+ 22 1371 4% = 5477

B OonblIMHCTBE 33/1a4 HEBAXKHO, KAaKyl0 HOPMY HMCNOJIb30BaTh. Kak BHUIHO, B
OOBIUHBIX CIIydasX pa3Hble HOPMBI Jal0T IPUMEPHO OJIMHAKOBBIE 3HAUCHUS,
XOpOLIO OTpakas MOPSIOK BEIWYMHBI MAaTPUYHBIX 3JIeMeHTOB. OmnpeneneHue
OCTaJbHBIX HOPM 3aWHTEPECOBAHHBIM MeETaTeNlb OTHIIIET B CHPABOYHHKAX II0
JUHENHON anreOpe wnm B crnpaBoyHoi cucreme Mathcad (pasmen Mathcad
Resources).

Panr maTpuubl

Panrom (rank) marpuiibl Ha3bIBarOT HAHMOOJIBIIIEE HATYpaabHOE YUCIIO K, IIst
KOTOPOTO CYIIECTBYET HE paBHBI HYJII ONpeIeIuTeNnb K-ro mopsaka
MOIMAaTPHIIBI, COCTABICHHOW W3 Jr000ro mepeceueHuss K cronbioB u K crpok
MaTpPHUIIBI.

Jns Beruucnenust panra B Mathcad npennasznavena ¢pynknus rank.

. rank (A) — paHr MaTpuisl;
o A — matpuna.
JIuctunr 12. Panr maTpuiibr:

1 2 1 2

rank =1 rank =2
36 3 4
1 2 1 2

rank| 3 6 |=1 rank| 3 4 | =2
1 2 56
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CucreMbl JIMHEHHBIX aJIre0panvyecKux ypaBHeHHH

[{leHTpadbHBIM BONPOCOM BBIYUCIUTEIHHON JIMHEHHOW aireOphl SBISETCS
pelieHne cucteM JUHEHHbIX anreOpanyeckux ypaBHeHui (CJIAY), T. e. cucrem
YpaBHEHUI BUJA:

ai1X1tapXot. .. Fainxn=h; (1)

B marpuunoit popme CJIAY 3anucbiBaeTcsi B 9KBUBAJICHTHOM BUJIE:
AX = Db, (2)

rne A — matpuna kodpduuuentoB CJIAY pasmeprHoctu NxN, x — BekTOp
HEHW3BECTHBIX, D— BEKTOp MPaBbIX 4acTeH ypaBHEHHIA.

K cucremam nuHENHBIX ypaBHEHUN CBOJIUTCS MHOXKECTBO, €CIIA HE CKa3aTh
OOJBIIMHCTBO, 33/1a4 BBIYMCIUTEILHON MaTeMaTHKU.

CJIAY wuMeeT €IMHCTBEHHOE pEIICHWE, €Ciau MaTpuua A SBISETCA
HEBBIPOXKICHHOM, WIIM, MO-IPYyroMy, HECUHTYJISIPHOM, T. €. €€ OIpeAeIUTEIh He
paBen Hymo. C BbYMCIMTENBbHOM TOukM 3peHus, peuienue CJIAY He
MPEACTaBISICT TPYyAHOCTEH, eciau Mmartpura 4 He odeHb Benuka. C OoJbIIon
MaTpHIlel TpoOieM Tak)Ke He BOSHUKHET, €CJIM OHAa HE OYEHB TJI0XO0 00YCIIOBIIEHA.
B Mathcad CJIAY moxHO pemuTh Kak B Oosiee HarisigHo dopme (1), Tak u B
Ooonmee ymoOHOW s 3amucu  ¢opme (2). Jms mepBoro cmocoba ciemyer
UCIIOJIb30BaTh BBHIYMCIUTENBHBIN 010k Given/Find , a s BToporo — BCTPOSHHYIO
¢dyukuuto Isoive.

« Isoive (4, b) — pemieHne crucTEeMBbI TMHEHHBIX YPaBHEHHUIA;
e A —wmarpuna ko3p(HUIHEHTOB CUCTEMBI;
. b — BekTOp MpaBbIX YACTEH.

[Mpumenenne ¢ynkimu 1Soive nokazano B smctunre 13. [Ipu sTom MaTpuna A
MOXET OBITh ONpeJieNieHa JTI0ObIM U3 ClIOCO00B, HEOOA3aTEIHHO SIBHO, KaK BO BCEX
npuMepax 3Toro pasaena. Berpoennyro dyHkiwmro ISOive momyckaeTest IpuMeEHSITh
U nipu cuMBoibHOM petieHnn CJIAY (muctunr 14).

CootBeTcTBYIOIIass MaTpuie A U BEKTOPY D cucTema ypaBHEHHI BBITHCAHA
SIBHO B ucTUHTE 15.

Jluctunr 13. Peruenue CJIAY:

1 5 2 1
A=107 12 5 b:=129
3 0 4 3.1
-0.186
lsolve(A.,b) = | —0.129

0.915
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JInctunr 14. Cumsonbshoe perienne CJIAY (npogomxkenue auctunra 13):
—.186486486486486
lsolve(A.b) = | —.128648648648649
914864864864 865

B HekoTOpBIX ciydasx, Aid Oonbluei HarasagHocTy npeactasieHus CJIAY, ero
MOHO PEIIMTh TOYHO TAK K€, KaK CUCTEMY HEJIIMHEMHBIX ypaBHeHUU. [Ipnmep
yucneHHoro pemenust CJIAY u3 npeaplayux JMCTUHIOB MOKa3aH B JUCTUHTE 15.
He 3a0bIBaiiTe, 4TO NpU YKCIEHHOM PEIICHMH BCEM HEU3BECTHBIM TpeOyeTcs
IPUCBOUTH HAyabHBIC 3HAYCHUsS (3TO CIENAaHO B MEPBOW CTpoke nucTtuHra 15).
OHM MOryT OBITH MpPOU3BOJBHBIMU, T. K. pemieHHue CJIIAY ¢ HEeBBIPOXKIECHHOU
MaTpHULEN €IUHCTBEHHO.

[Mpu pemennn CJIAY ¢ nmomompto ¢ynknuu Find Mathcad aBromatnyecku
BBIOMpACT JIMHEWHBIN YMCICHHBIA alfOPUTM, B YE€M MOXKHO YOCIHMTHCS, BBI3BIBAs
Ha umenn Find xorTexcTHOE MEHTIO.

JIncrunr 15. Pemenne CJIAY ¢ mOMONIEIO BEIYUCIMTEIBHOTO OJIOKA:

x=0 y=20 z:=10

Grven
Ix+ 5y+2z=1
0.7x+ 12y + 5z = 2.9

3x+0y+4z= 3.1
—0.186

find(x.,y,z) = | —0.129
0.915



